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Abstract. We consider a (i-dimensional random field u = {u(t,x)} that 
solves a non-linear system of stochastic wave equations in spatial dimensions 
k & {1,2, 3}, driven by a spatially homogeneous Gaussian noise that is white 
in time. We mainly consider the case where the spatial covariance is given 
by a Riesz kernel with exponent /3. Using Malliavin calculus, we establish 
upper and lower bounds on the probabilities that the random field visits a 
deterministic subset of W^, in terms, respectively, of Hausdorff measure and 
Newtonian capacity of this set. The dimension that appears in the Hausdorff 
measure is close to optimal, and shows that when d{2 — /3) > 2{k + 1), points 
are polar for u. Conversely, in low dimensions d, points are not polar. There 
is however an interval in which the question of polarity of points remains 
open. 
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1 Introduction 



In this paper, we consider an ]R''-valued random field 

{u(t, x) = Mt, x),..., Ud(t, x)), (t, x) e [0, T] X R'^} 
that is a solution of the d-dimensional system of stochastic wave equations 

— - Aj Ui{t,x) = ^aij{u{t,x))M^{t,x)+bi{u{t,x)), 
/ j=i 

Ui{0,x) = 0, ^Ui{0,x) = 0, (1.1) 

i = 1, . . . , d, where T e R;, {t, x) e ]0, T] xR'',ke {1, 2, 3}, and A denotes 
the Laplacian on M^. The free terms of this system are Lipschitz continuous 
functions (Tij,bi : R*^ — ?■ M, 1 < i, j < d. The notation M{t,x) refers to the 
formal derivative of a d-dimensional Gaussian random field with independent 
components, white in the time variable and with a spatially homogeneous co- 
variance in space. More explicitely, on a complete probability space (Q, ^, P) 
and for any j G {1, . . . ,d}, we consider a family of centered Gaussian ran- 
dom variables = {M^{(p), (f E C^(R'^+^)}, where C^(R'=+i) denotes the 
space of infinitely differentiable functions with compact support. The 
are independent and the covariance function of each is given by 

E{M^{cp)M^{^))= [ ds [ T{dx)L{s,-)*Hs,-)){x), (1.2) 
Jr+ Jm.!^ ^ ^ 

where denotes the convolution operator in the spatial argument and 

ip{t, x) = tp{t, —x). 

As in [4], formula (1.2) can be also written as 

E{M^{^)M^m= / ,,{dOT^m)mmi (1-3) 

where // denotes the spectral measure (// = ^~^f) a-nd denotes the Fourier 
transform operator on R^. 

The system (1.1) is rigorously interpreted as follows: 



iJ'i{t,x) = y2 / G{t-s,x-y)aij{u{s,y))M\ds,dy) 
Jo Jm'^ 

+ [ [ G{t-s,x-y)bi{u{s,y))dsdy, (1.4) 
Jo Jr'' 
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i — 1, . . . ,d, where G denotes the fundamental solution of the wave equation, 
is extended to a worthy martingale measure and the stochastic integral is 

as in [4]. For the expressions of G for k — 1,2,3, and their Fourier transforms, 

see (1.9) and (1.10), respectively. 

Assume that the spectral measure /i satisfies 

where | • | is the Euclidean norm. Then, from an easy extension of Theorem 
13 in [4], there is a unique random field solution to (1.4) (and the above 
condition is also essentially necessary). This solution is a (i-dimensional 
stochastic process M = {u{t,x) = {ui{t,x))i<i<d, {t,x) G [0, TjxM'^}, adapted 
to the natural filtration associated with the martingale measure {Mt{B),t e 
[0, T],B e Bb{R'')} and continuous in L^{n). Here, Bb{R'') stands for the set 
of bounded Borel sets of M*^. 

Our objective is to establish upper and lower bounds on the probabilities 
that the process u hits a set A G i3f,(M"') and thus, to develop a probabilistic 
potential theory for the process u. This will be obtained in terms of the 
Hausdorff measure and the Bessel-Riesz capacity of A, respectively. 

In [12] , hitting probabilities for systems of Gaussian waves for any spatial 
dimension k have been studied. This reference covers the case where, in (1.4), 
^ ~ i'^i,j)^<iJ<<i is an invertible matrix with constant entries, b = (6*, i = 
1, . . . ,d) = and k E N. The following result was proved. Assume that the 
covariance F is absolutely continuous with respect to Lebesgue measure and 
its density is given by f{x) = with /3 e]0, 2 A k[. Fix to e]0,T] and 
let /, J be compact subsets of [toi^] and R^, each with positive Lebesgue 
measure. Fix > 0. There exist positive constants c and C depending on 
/, J, N, 13, k and d, such that, for any Borel set A C [— A^, A^]*^, 

c Cap. 2ik+i){A) < P{u(I X J) n A ^ 0} < C H,_m+il{A). (1.6) 

" 2-/3 2-/3 

Here, the lower bound contains the d — ^^^j^-dimensional Bessel-Riesz ca- 
pacity of A, and the upper bound the Hausdorff measure of A of dimension 
d — "^^2-/3 ^ (^^ '^^ section, we will recall the definitions of these no- 

tions). The parameter d — ^^^^^ gives the optimal vahic that can be expected 
in a possible generalization of this result to Equation (1.4). 

The proof of (1.6) is carried out by applying some general criteria for 
hitting probabilities established in [12] (see also [1]). They are described by 
properties of densities and joint densities of random variables in the random 
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field u, and also by the regularity of its sample paths. For the random field 
given by 



{t,x)^y2 / G{t - s,x -y)aijM^{ds,dy), i^l,...,d, 




checking the necessary assumptions to apply the above-mentioned criteria is 
done by working directly on the explicit formulas for the (Gaussian) densities. 

Hitting probabilities for systems of non-linear stochastic partial differen- 
tial equations have been studied in [10], [6], [7], [8] and [12] (see also [20] for 
a (Gaussian) random string, [9] for a heat equation with reflection, and [25] 
for a system of heat equations driven by an additive fractional Brownian mo- 
tion). In the first reference, a system of two-parameter Ito equations driven 
by a Brownian sheet has been considered. By a rotation of forty-five degrees, 
the system is transformed into a new one consisting of wave equations in 
spatial dimension k = 1 driven by a space-time white noise. References [6, 7] 
are concerned with systems of heat equations in spatial dimension k = 1 
driven by space-time white noise. Systems of non-linear heat equations with 
k > 1 driven by a Gaussian noise of the type described before, with covari- 
ance measure r{dx) — \x\~^dx, /3 e ]0, 2 A A;[ are considered in [8] (and uses 
some ideas developed here). In contrast with [12] and [1], in non Gaussian 
cases, the existence, expression and properties of densities are obtained using 
Malliavin Calculus. Here, we also use this tool. For this, wc shall consider 
the following conditions (which are standard for Malliavin calculus) on the 
coefficients of the system (1.4): 

(PI) The functions and bi, 1 < i,j < d are infinitely differentiable, 
with bounded partial derivatives of any positive order. Moreover, the CTjj, 
^ ^ i, j ^ d, are bounded. 

(P2) The matrix-valued function a is uniformly elliptic. This implies that 
for any v with II^H = 1, 




Section 2 is devoted to establishing the upper bound in terms of Hausdorff 
measure. According to [12, Theorem 2.4], it suffices to prove the existence 
of a density Pt,x{z) for any random variable u{t,x), {t,x) e]0,T] x R*^, and 
that this density in uniformly bounded (in its three variables) over compact 
sets. In addition, we must bound from above the L'^-moments of increments 
u{t, x) — u{s, y) in terms of a power of the distance |t — s| -|- |a; — |/|, for any 
q e [1, cxd[ (see the statements (Rl) and (R2) in Section 2). 




inf ||vV(a;)|| > po > 0. 



(1.7) 
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The existence of smooth densities in the variable for the random vari- 
ables u{t, x), {t, x) e ]0, T] X MJ', solution to a stochastic wave equation with 
k = 2 and k = 3 ((1.4) with d = 1) has been proved in [19] and [27], re- 
spectively. However, to the best of our knowledge, no written proof exists 
for /c = 1 and spatially homogeneous noise, and the issue of uniform bound- 
edness has not been addressed either. The main ingredients for proving this 
result are uniform bounds in (t, x) over compact sets for the L^-moments of 
the determinant of the inverse of the Malliavin matrix 'yu{t,x)- This is proved 
in Proposition 2.3 with an approach that is independent of the dimension 
A; €{1,2,3}. 

As for the analysis of L^-moments of increments u(t,x) — u{s,y), we 
consider different types of assumptions on the covariance measure T. The 
two cases — additive and multiplicative noise — are handled separately. In 
comparison with the latter, the former admits more general covariances and 
the estimates are sharper. For multiplicative noise, we rely on known results 
for A; = 2 [19, 18] and k — 3 [11], but, not being aware of any reference, we 
give a complete proof for A; = 1. Finally, our result on upper bounds is stated 
in Theorem 2.1. 

The main part of this paper is devoted to establishing lower bounds on 
the hitting probabilities in terms of the Bessel-Riesz capacity of the set A. 
For this, we assume that T{dx) = Ix]^'^, with (3 G ]0, 2 AA;[. This is hypothesis 
(CI) in Section 2, which is more restrictive than the other conditions (CI'), 
(C2), (C3) listed there. 

Lower bounds on hitting probabilities arc obtained by using a modifica- 
tion of Theorem 2.1 in [12], as follows. When applied to the random field 
solution to the system (1.4), the two hypotheses of that theorem are 

(a) a Gaussian-type upper bound for the joint density of {u{s,y),u{t,x)), 

foT{s,y) ^ {t,x), {s,y), {t,x) e]0,T] x 

(b) strict positivity of the density pt^^ on M*^. 

Property (b) has been recently estabhshed in [24] . As for the upper bound in 
(a), we show here that this hypothesis can be significantly weakened. Indeed, 
the exponential factor in the Gaussian-type bound can be replaced by a 
monomial (see the proof of Theorem 3.8 and also Remark 3.1(b)), and this 
still leads to the same lower bounds on hitting probabihties as the Gaussian- 
type estimate. 

As in [7], the main technical effort of the paper is to establish such an 
upper bound on the joint density. We follow the same general approach as 
in this reference, though the difficulties that we encounter and the way they 
are solved present significant differences. Let Z — {u{s,y),u{t,x) — u{s,y)) 
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and denote by 7^ the Malliavin matrix of Z. The hard core of the analysis 
consists of obtaining the rate of degeneracy in terms of negative powers of 
|t — s| + |x — ?/|of L^-moments of the inverses of the eigenvalues of 7^. As 
was noticed in [7], this is necessary only for the "small" eigenvalues. For the 
"large" eigenvalues, it suffices to prove that their inverses have L^-bounded 
moments. 

In Section 3, we highlight this fact. Indeed, Theorem 3.1 provides lower 
bounds for the hitting probabilities, assuming that the conditions mentioned 
before on the large and small eigenvalues (see (3.5)-(3.6)) are satisfied. Al- 
though the proof of Theorem 3.1 uses arguments from [7], we would like to 
stress two novel points. First, the remark on condition (a) mentioned above. 
Indeed, in the examples previously analyzed in the literature, the exponential 
factor is obtained by applying the exponential martingale inequality. This is 
possible by eliminating the drift term via Girsanov's theorem. In our frame- 
work, this is not possible, since no suitable version of that theorem exists 
for /c > 1. Fortunately, the monomial factor can be obtained given that 
we have L^-estimates of increments of u{t^ x) — u{s, y) in terms of powers of 
|t — s| + \x — y\. Indeed, this question appears naturally in relation with the 
analysis of sample path regularity through Kolmogorov's continuity criterion. 
The second point is that this theorem explains the relationship between the 
rate of degeneracy of the small eigenvalues that we alluded to before, de- 
scribed by some positive parameter p (see (3.5)) and the dimension of the 
Bessel-Riesz capacity in the lower bound on hitting probabilities (see (3.5)). 
In particular, we observe from Theorem 3.1 that obtaining an optimal result 
for the lower bound requires an optimal result on the rate of degeneracy 
associated with the small eigenvalues! 

Section 4 is devoted to the analysis of the eigenvalues of the Malliavin 
matrix 7^, in order to check the validity of assumptions (3.5)-(3.6), for some 

rate parameter p. The main tool for carrying out this program is [7, Propo- 
sition 3.5]. However, we will obtain in Theorem 4.1 a value of p arbitrarily 
close to 3 — /3, whereas the optimal value should he 2 — (3. 

Theorem 4.2 is devoted to establishing the bound (3.6) on the large eigen- 
values. The proof of an analogous result in [7] relies on the semigroup prop- 
erty of the heat kernel and its properties, and uses repeatedly [7, Proposition 
3.5]. We also use this tool, but the overall structure of the proof is quite dif- 
ferent. Given the absence of semigroup property. Lemma 5.12 plays a crucial 
role. This Lemma tells us that, for e > 0, a;, y e M^, a; 7^ I/, 

lim / dr(G'(r,y-*),G'(/i + r,x-*))^ = 0, 

Js^^oo Jo 



5 



uniformly over e [0, 1]- This result has some similitude with the classical 
Riemann-Lebesgue theorem. In [7], the space 'H (related to the covariance of 
the spatially homogeneous noise) is replaced by -^'^([0, 1]). Finally, our main 
result on lower bounds is stated in Theorem 4.3. 

Section 5 gathers a collection of auxiliary estimates that are used in the 
proofs of the previous section. These are of different types. Lemmas 5.4, 5.5, 
5.7, 5.8, 5.9 concern integrated increments of the covariance function. They 
extend results proved in [11, Chapter 6] by expliciting the dependence on the 
length of the domain of integration in the time variable. Lemmas 5.1 and 
5.11 establish upper and lower bounds on integrals in time of "H-norms of 
the fundamental solution G to the wave equation. Propositions 5.3 and 5.6 
provide upper bounds for L^-moments of integrals in time, on a domain of 
size £, of "H-norms of stochastic processes which arc a product of increments 
of the fundamental solution G and an L^-bounded process. Lemma 5.12 has 
already been mentioned. 

We end the description of the different sections of this paper with a short 
discussion about the discrepancy between the results obtained here in com- 
parison with (1.6) (the Gaussian case). The upper bound (2.1) is almost 
optimal. In fact, by taking T{dx) = {xl^'^, (5 g]0,2 A k[, the dimension of 
the Hausdorff measure in the right-hand side of (2.1) is strictly less than 
(but arbitrarily close to) d — ^^i^- The same phenomenon appears in [7] in 
comparison with [6]. Concerning the lower bound, according to (3.7), if the 
parameter p in (3.5) were equal to 2 — j3 + 5, for some 5 arbitrarily close to 
zero, then the dimension of the capacity in (3.7) would he d — ^^^ + ?7, with 
T] arbitrarily close to zero, and therefore arbitrarily close to the Gaussian 
case. We see in (4.1) that we can take p = 3-/3 + 5, for any arbitrarily small 

5. This gives in Theorem 4.3 a capacity dimension d{\ + 2^) + ^ ^ '^^2-1^ ' 
which is rather far from optimal. The reason for this discrepancy stems from 
the type of localization in time that we use to keep control of the size of the 
eigenvalues (see for instance (4.3), (4.4)). It is an open problem to determine 
a better localization procedure that would provide the optimal dimension in 
the lower bound. 

One objective in the study of hitting probabilities is to determine under 
which relationship between d, k and (3 points are polar or not. Recall that a 
point z e R'^ is polar for u if P{3(i, x) e ]0, T] x R*' : u{t, x) ^ z} ^ 0, and it 
is non-po/ar otherwise. In general, points are polar for d large and/or k small, 
and are non-polar otherwise. The following is an immediate consequence of 
Theorems 2.1 and 4.3. 

CoroUeiry 1.1 Assume (PI) and (P2) above, and (CI) in Section 2. Fix 
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P e ]0, 2 A A;[ and let u he the solution of (1.4). 

(a) Suppose d > Then points are polar for u. 

(h) Suppose d{l + ■^^) < Then points are non-polar for u. 

We finish this introduction by defining certain notions and notations that 
will be used in the sequel. 

Let 7 e R. The 7-dimensional Hausdorff measure of a Borel set A C M'' 
is defined by H-y{A) = 00 if 7 < 0, and for 7 > 0, 



H^{A) = liminf \ V(2ri)^ : A C UZi^rixi), supn < e 
The Bessel-Riesz kernels are defined by 



if 7 > 0, 

X,(r) = <( log (^) if 7 = 0, 
1 if7<0, 

where c is a positive constant. For every Borel set A C W^, let V{A) be the 
set of probability measures on A. For // e V^A), we set 

/ / K^{\\x-y\\)l^{dx)n{dy). 

J A J A 

The Bessel-Riesz capacity of a Borel set A C R*^ is defined as follows: 

Cap (A) = mi E^{n) 
\_ij.ev{A) 

with the convention that l/oo = 0. 

There is a Hilbcrt space naturally associated with the spatial covariance 
of M (sec (1.3)). Indeed, let "H be the completion of the Schwartz space of 
real- valued test functions 5(R'^) endowed with the semi-inner product 



We define ^ {h ^ {h\ . . . ,h'^) : e n,e ^ 1, . . . ,d}, ^ L^([0, t];n), 
and nf ^ L\[0,t];'H'^), t e]0,T]. 

Assume that ip E 7i is a signed measure with finite total variation. 
Suppose also that r{dx) = |a;|~^cia;, with /3 g]0,2 A A;[ and therefore 
n{d^) = Ck,)3 l^f^'^d^ (see [4]). Then, by applying [16, Theorem 5.2] (see 
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also [17, Lemma 12.12, page 162] for the case of probability measures with 
compact support) and a polarization argument on the positive and negative 
parts of </?, we obtain 




= c/ ^idx)ip{dy)\x-y\-^. (1.8) 

This fundamental identity will be applied on several occasions. 

We recall the expressions for the fundamental solution to the wave equa- 
tion in spatial dimension k e {1, 2, 3}: 

k^l: G{t,x) ^^l^i^i^t}, 

k = 2: G{t,x) = ^{t'-\x\%K 

A; = 3 : G{t, dx) = ^cTt(dx), (1.9) 

where at{dx) denotes the uniform measure on the sphere centered at zero and 
with radius t, with total mass Ant'^. For any dimension k E W, the Fourier 
transform of G{t) is given by 

J'G{tm = \^\-'smm). (1.10) 

We refer the reader to [13] for these formulas. 

Throughout the article, we will use the notation Tq for a generic interval 
[^1,^2], with < ti < t2 < T < 00, O ioT a, compact subset of W'' and K for 
a compact subset of R*^. 



2 Upper bound 

We will assume that the covariance measure F of the Gaussian process gov- 
erning the system (1.4) is absolutely continuous with respect to Lebesgue 
measure on R'^, and we will consider the following set of hypotheses on its 
density /: 

(CI) The covariance measure is of the form T{dx) = f{x)dx, where f{x) — 
\x\-^ if X 7^ 0, with ^ e ]0, 2 A k[. 

(Cr) The spectral measure n of the noise satisfies 

f _jAd^ 

L (i + iep)" ' 
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for some a e ]0, 1[. 

(C2) The covariance measure is of the form V{dx) = f{\x\)dx, where / : 
R+ ]R+ satisfies /q+ r^~'^f{r)dr < oo, for some r] G ]0, 1[. 

(C3) The covariance measure is of the form r{dx) = f{x)dx, where f{x) = 
ip{x)\x\~^ if a; 7^ 0, with P e]0,2 A k[ and is a bounded and positive 
function belonging to C^(M'') with V</? G C^(M'') (the space of bounded 
and Holder-continuous functions with exponent /i e]0, 1]). 

Notice that (CI') is satisfied when r{dx) = \x\~'^, with ^ e ]0, 2 A A;[ and a e 
](3/2, 1[. Also, (C2) is satisfied when / : M+ ^ M+ is defined by /(r) = r'^, 
/3 e]0,2 A with rj<2-/3. 

This section is devoted to estabhshing the following result. 

Theorem 2.1 Let {u{t,x), {t,x) e [0,7"] x IR'^} be the stochastic process 
given by the system (1-4) of SPDEs with k G {1,2,3}. Let I and K be 
compact subsets of]0,T] andM.'', respectively, with positive Lebesgue measure. 
Consider the following cases: 

1. Additive noise: The matrix a = (o"i,j)i<i,j<d has constant entries and 
det a 7^ 0; the functions h, 1 < i < d, are bounded, infinitely differ- 
entiable with bounded partial derivatives of any order. The covariance 
measure satisfies (CI) or (CI'). 

2. Multiplicative noise: The coefficients aij and bi, I < i, j < d satisfy the 
assumptions (PI) and (P2). Fork — 2, we assume that the covariance 
measure satisfies (C2). For k e {1,3}, we assume (C3). 

Fix ( e ]0, d[. Then there exists a positive constant c — c{I, K, T, k, d, () such 
that, for any Borel set A C M*^, 

P{u{I X n A ^ 0} < cH^.u+i {A),i = 1, 2, (2.1) 

with the following values of 5i. In Case 1, under (CI), 5i — and under 
(CI '), 5i = l-a. In Case 2, for k^l, 82^'^, for k^2, 82^ f ; and 
fork ^3, 

According to Theorem 2.4 of [12], in order to prove Theorem 2.1, we must 
prove two facts. 

(Rl) For any {t,x) e Tq x the random vector u{t,x) has a density pt^^i 
and 

sup sup Pt,x{z) < C. (2.2) 
zeo {t,x)eToxK 
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(R2) There exists S £ ]0, 1] and a constant C such that for any q e [1, oo[, 
s,t eTq and x,y & K, 

E{\u{t, x) - u{s, y) \<i)<C{\t-s\ + \x- y\f . (2.3) 

These two facts imply (2.1) with 5i replaced by 8. We note that because C is 
arbitrarily small, we will obtain (2.1) with 5i provided we establish (2.3) for 
any 5 < S^. 

2.1 Proof of (R2) 

The results of this section can be proved under the assumption that the 
functions aij, bi, 1 < i, j < d, are merely Lipschitz continuous, instead of 
supposing the stronger assumptions (PI) and (P2). 

Case 1: additive noise 

Proposition 2.2 Let {u{t,x), {t,x) e [0,r] x R''}, k e {1,2,3}, be the 

solution of the system of SPDEs defined by (1-4) ■ Under Assumption (CI) 
(respectively (CI')), property (R2) holds with 5 — (respectively 5 < 1—a). 

Proof. Without loss of generality, we may assume in this proof that d — 1 
and therefore, we omit the index i. Define 

v{t,x)^ [ [ G{t -r,x - z)M{dr,dz). 
Jo Jr'' 

Fix q e [l,C)o[ and consider x,y E K, t E [0,T] and h > such that 
t + he [0,T]. Then 

E {\u{t, x) -u{t + h,x + y) n < C{q) {T, + T2) , (2.4) 

with 

Ti = E{\v{t,x)-v{t + h,x + y)\''), 

E [ / dr dzG{t-r,x- z)b{u{r, z)) 
\ Jo Jr>' 

rt+h p <l\ 

— dr dz G{t + h — r,x + y — z)b{u{r, z)) 1. 

Jo Jr>' J 

Since the process {v{t,x), {t,x) e [0, T] x M'^} is Gaussian, 

Ti < C{q) [E {\v{t, x) -v{t + h,x + y) \^)] * 
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Then, by Proposition 4.1 of [12], under (CI), we obtain 



T,<C{q) {h+\y\ 



with S — 



2-/3 



(2.5) 



and under (CI'), it is a consequence of the calculations carried out in [2, 
Corollary 7.3 and Proposition 7.4] that 



Ti<C{q){h+\y\y\ with5<l-Q;. 
For the analysis of the term T2, we first write 



(2.6) 



dr / dzG{t — r,x — z)b{u{r, z)) = dr G{r,dz)h{u{t — r,x — z)), 



and 



rt+n I- 

I dr I dzG{t + h — r,x + y — z)b{u{r, z)) 
Jo Jr'' 

rt+h /• 

= / dr G{r,dz)b{u{t + h — r,x + y — z)), 

Jo J]R* 



and consider the terms 



T2,i = e( [ dr f G{r,dz) 

^ Jo J'SSt'<= 

X [b{u{t - r,x - z)) - b{u{t + h-r,x + y- z))] j , 



22,2 — E 



It has been proved in [4] that the solution to the stochastic wave equation 
with vanishing initial conditions is stationary in space. Hence, by applying 
Holder's inequality with respect to the finite measure G{r,dz)dr, using the 
Lipschitz property of b and the change of variable r ^ t — r, we obtain 

T2,i <C [ dr f G{r, dz) 
Jo Jm}' 

X E {\u{t — r,x — z) — u{t + h — r,x + y — z)\'^) 

<C f drE{\u(t-r,x) -u(t + h-r,x + y)\'^) 
Jo 

— C drE {\u{r,x) — u{r + h,x + y)\'^) . 
Jo 
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Holder's inequality with respect to Lebesgue measure and the linear growth 
of the function b imply that 

T2,2<C{q)h'^-^ dr [ G{r,dz)(l + supE{\u{t,x)\'i) 
< CN'. 

In the last inequality, we have used (see [4, Theorem 13]) that 



sup E{\u{t,x)\'i) <oo. (2.7) 

(t,a;)e[0,T]xR'= 



Consequently 



T2<c(^j^ drE {\u{r, x) - ii(r + /i, x + y) ^ + . (2.8) 

The estimates (2.4)-(2.8), along with Gronwall's lemma, yield 

E {\u{t, x) -u{t + h,x + y)\^)<C{\h\ + \y\f , (2.9) 
with (5 = ^ under (CI) and 5 < 1 - a under (CI')- □ 

Case 2: multiplicative noise 

These are the known results in dimensions k G {1, 2, 3}. 

Case k = 2. Assume that the covariance measure F of the noise satisfies 
(C2). Then (R2) holds with 6 e [0, f [ (see [19, Proposition 1.4] and its 
improvement in [18, Theorem 2.2]). 

Case A; = 3. Suppose that F satisfies (C3). For d — 1, Theorem 4.11 in 
[11] yields (R2) with 5 e]0,^ A^^[. The extension to systems of wave 
equations is straightforward. 

Case k = 1. Suppose that F satisfies (C3). Then (R2) is obtained with 
S = from a straightforward calculation, much simpler than for A; = 2 or 
A; = 3, of moments of increments u{t,x) —u{s,y). Since this calculation does 
not seem to be available in the literature, we sketch it for convenience of the 
reader. 

Since we are looking for an upper bound, we can work separately with 
the time-increments and the spatial increments. We only consider the spatial 
increments, so we assume that s = t. Then 

u{t,x)-u{t,y)^Ti + T2, 
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where 

Ti = /" [ {G(t-r,x- z) -G(t-r,y- z))a{u(r,z))M(dr,dz), 

Jo Jri^ 

7^2 = / / {G{t-r,x-z)-G{t-r,y-z))h{u{r,z))dr,dz, 



Without loss of generahty, we assume that d = 1. Then E{\u{t, x) —u{t, y)\'^) 
is bounded by a constant times £"(1X11^) + E(|T2|^). Let us consider the term 
with Ti. 

By Burkholder's inequahty, 



E{\Ti\'^) < CE 



q/2 



£ II {G{t -r,x-*)-Git-r,y- *))a{u{r, *)) ||^^ 

< Ci dr E[\\ (G{t-r,x-*)- Git -r,y- *))a{u{r, *)) ||?,] . | 

Since k = 1, G{r,z) — |l{|z|<r}) so Holder's inequality implies that the 
II • • • 11^ is bounded by 

dz / dw\G{t — r,x — z) — G{t — r,y — z)\\a{u{r,z))\ip{z — w) 
Jr 

X \z — ■u;|^'^|G(t — r,x — w) — G{t — r,y — iv) \ \a(u(r, w)) \ j ~ 

X dz dw\G{t — r,x — z) — G{t — r,y — z)\(p{z — w) 
Jr Jr 

X \z - w\~^\G{t - r, X - w) - G{t -r,y - w)\ 

xE{\a{u{r,z))\'^^^\a{u{r,w))\'^^^). 

Since ip is bounded and a is Lipschitz, we use the Cauchy-Schwarz inequality 
to see that 



E(|ri|«)<C / dr (l + sup E{\u{r,z)\ 
Jo V zeR 

dz / dw\G{t — r,x — z) — G{t — r,y — z)\ 
X \z - w\~^\G{t - r, X - w) - G{t -r,y - w)\^ 



g/2 



Assume without loss of generality that x < y. It is useful to distinguish the 
cases t — r < and t — r > We consider only the latter case. For 
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t — r > , the integral in parentheses is equal to 

I dz I dw\z-w\-^, (2.10) 

JA{x,y,t,r) JA(x,y,t,r) 

where 

A{x, y,t,r) = [x — {t — r),y — {t — r)] U [x + t — r,y + t — r]. 

This integral can be written as the sum of four integrals, the first two of 
which are 

ry-{t-r) r-y-(t-r) 

h= dz dwlz — wl'^, 

J x—{t—r) Jx—(t—r) 
j-y—{t—r) py+t-r 

l2= dz dw\z — w\~^. 

J x—{t—r) J x+t—r 

Notice that since (3 g]0, 1[, 

ry-{t-r) / pz j'y-it-r) ^ 

dz i dw{z-wy^+ / dw{w-zy'^ 

Jx-(t-r) \Jx-(t-r) Jz 

and an explicit integration shows that 

h^civ-xf-f'. 



In order to bound I2, we distinguish two further cases: t — r >y — x and 
y — x>t — r> ^Y^. When t — r > y — x, 

/•y-{t-r) ry+t-r 

h< dz dw\y-x\-^ ^c\y-x\^-^. 

J x—{t—r) J x+t—r 

When y — x>t — r> , a direct integration shows that 

72 = c[{y -x + 2{t- r)f-^ - 2{2{t - r)f-^ + {x - y + 2{t - r)f-^] 
< Cly-xl^-)^. 

The other two integrals arising from (2.10) are handled by symmetry. We 
conclude that 

E{\Ti\'')<C [ dr (l + supE{\u{r,z)\'^)] \y-x\^''. 
Jo \ ze'R / 
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Using (2.7), we see that 



2-/3 , 



E{\Ti\'i) < C|y-x| 2 </. 



We leave to the reader to check that a similar bound holds for (|T2|'^). This 
leads to the bound 

E{\u{t,x) -u{t,y)\'^) <C\y-x\^'^. 

This completes the proof of (R2) with 5 — under assumption (C3) in 
the case where k — 1. □ 



2.2 Proof of (Rl) 

In this section, we consider Equation (1.4) with multiplicative noise. Wc 
assume that k G {1, 2, 3}, and that the functions cxij and 6,, i,j = 1, . . . ,d, 
satisfy (PI) and (P2). 

We shall use MaUiavin calculus in the context of [28] (see chapters 3 and 
7 there for the notions and notation). According to Proposition 3.4 in [7], 
property (Rl) will be ensured by the following properties: 

1. u{t,x) e ©""(R''). 

2. For allp e ]1, cxd[ and i > 1, there exists a positive constant Ci = Ci{£,p) 
such that 

sup E (\\D%{t,x)\f^e] < ci, i = l,...,d. 



3. For all p G ]1, oo[, there exists a positive constant C2 = C2ip) such that 



sup E 

{t,x)eToxK 



(det7„(t,^)) 



< C2, 



where ■ju{t,x) denotes the MaUiavin matrix of u{t,x). 

In the same two cases as in Theorem 2.1, Properties 1 and 2 above follow 
from an easy extension of Theorem 7.1 in [28] to systems of equations. Hence, 
we shall focus on the proof of Property 3 above. 

For its further use, we write the equation satisfied by the MaUiavin deriva- 
tive of the i-th component of Du{t, x). Remember that this is an "H^- valued 
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random variable. According to [28, Theorem 7.1] (see also [23]), for t < r, 
Dr^zu{t, x) — 0, and ior <r <t, j — 1, . . . ,d, 



— G{t — r,x — z)aij{u{r, z)) 

d ft f 

+ / G{t-s,x-y)Vai,e{u{^,y))-D^lu{s,y)M'{ds,dy) 

+ I ds f dyG(t-s,x-y)Vbi(u{s,y))-D^lu(s,y), (2.11) 

Jo Jr'' 

where the symbol "•" denotes the Euclidean inner product in M'^, and the 
notation D^") stands for the Malliavin derivative with respect to the j-th 
component of the noise. 

Proposition 2.3 Let k e {1,2,3}. Fix, as in Section 1, a compact subset 
Tq X K c]0,T] X R'^. Assume that the functions aij, hi, i,j — l,...,d, 
satisfy (PI) and (P2). In the same two cases as in Theorem 2.1, for p > 0, 



Di^}ui{t,x) 



sup E (det7„(t,^)) 



-p 



< +00. 



{t,x)eToxK L 



Proof. Observe that 




Set q — pd. It suffices to check that 



sup 

{t,x)eToxK 




By definition. 




d 

Vi {Dui{t, x), Duj{t, x))-Hd Vj 




(2.12) 
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where 5 > is such that t — S > 0. Now, 



1=1 



X] 



i=l 



n 



Set 



aij{r,z;t,x) = ^ I / G{t-s,x-y) 



e=i 




-'M'= 



X Vai,e{u{s, y)) ■ D'^}u{s, y) M\ds, dy) 

I ds dyG{t - s,x -y)Vbi{u{s,y)) ■ D';.^Ju{s,y). 
Jri^ 



Applying twice the inequahty (a + 6)^ > ^a^ — 6^ yields 



d 

E 



J2viD^Ui{t,x] 



1=1 



d 



E 



^ - r, X - *)cTij('u(r, *)) 

1 

d 

^Viaij{r,*;t,2 



n 



i=l 



1 II 

9 XI r - ^ a; - *) (vV(M(r, *))) , 



-E 



1 II 



-Ti(t,x;r)-T2(t,x;r), 



where 



Ti{t, x]r) = - ||^(^ — r,x — *) [v'^ {a{u{r, *)) — a{u{r, x 



T2{t,x;r) = 



Yviaij{r,*;t,x) 



n 
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By property (P2), 



d 



x] 



n 



> -^p" \\G{t - r, x - *) Wl, - T,{t, X- r) - T^it, x; r). 



Define 



\\G{r,x-*)\\ldr. 



(2.13) 



Then 



v^lu{t,x)V > cg{S) - / {Ti{t, x; r) + T2{t, x; r))dr. 

Jt-5 

We note from Lemma 5.1 that under Hypothesis (CI), 

g{5) = c5'-^ 

while by [28, Lemma 8.6, equation (8.35)], under (CI'), (C2) and (C3), for 
small 5 > 0, 

g{5) > C5\ (2.14) 

We now bound the moments of Ti{t,x;r). We apply first (1.8) and then 
Holder's inequality with respect to the finite measure on [0, 5] x x R*^ 
with density (with respect to Lebesgue measure) given by G{r,x — y)f{y — 
z)G{r, X — z). The Lipschitz continuity of a along with the Cauchy-Schwarz 
inequality yield 



E 



t \ q- 

Ti{t, X] r)dr 

t-5 



<C[g{5)r' f dr f dy [ dzG{r,x-y)f{y-z)G{r,x-z) 

Jo Jr'' 7R'= 
X {E [\u{t -r,y)- u{t - r, x) 1^"] ) ^ 

X {E [\u{t -r,z)- u{t -r,x)f'^]y . 

We now apply the results already mentioned on L^-estimates of increments 
of the process u{t, x) (see the proof of (R2) for multiphcative noise), yielding 



E 



t \ ii 

Ti{t, x; r)dr 

t-5 



< 



C[9{S)f W dr dy dzG{r,x - y)f{y - z)G{r,x - z) 
Jo Jr'^ Jr'' 
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where the values of C depend on the assumptions on the covariance of the 
noise, as indicated in Cases 1 and 2 of Section 2.1: if (CI) holds, then 
C e]0, if (CI') holds, then C e ]0, 1 - a[; if A; = 2 and (C2) holds, then 
C e ]0, f [; if k = 1 and (C3) holds, then ( G ]0, ^[; if A; = 3 and (C3) holds, 

thanCe]0, 

Next, we notice that the support of G{r,x — -) is {7/ e M*^ : |x — 7/| < r} for 
k e {1, 2} and {y e 'M} : \x — y\ — r} for k — 3, respectively, which implies 



E 



/ Ti{t,x;r) dr 
Jt-s 



and finally 



sup E 

{t,x)eToxK 



Ti(t, x; r)dr 



t-5 



11 



<C[g{6)f6'<'^. (2.15) 



Next, we proceed with the study of the contribution of T2{t, x; r). Firstly, 
we consider the term involving a stochastic integral. By noticing that 
Dr}u{s, y) — unless < r < s, we have. 



E 



\Jt-s ^.=1 



i=l 




e=i -^0 -^^^ 



G{t -s,x- y)VaMs, y)) ■ D^Us, y)M\ds, dy) 





q- 


n) 





<C sup e\ 



l<i,j,e<d 
rt 

X 



dr 



t-5 




Jr'^ 



<C sup E 

l<i,j,e<d 



X 



G{t -s,x- y)Vai,i{u{s, y)) ■ D^Ms, y)M\ds, dy) 



n 



dr 



t-5 



G{t -s,x- y)Vai,t{u{s, y)) ■ D^Ms, y)M\ds, dy) 



1 1-5 . 

This is equal to 



)']■ 



C sup e( [ [ G{t-s,x-y) 

l<i,j,e<d ^ J t-5 Jr'' 

X Wai,e{u{s, y)) ■ D^^M^, y)M\ds, dy) ) , 
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where Hs — L'^{[t — S, t\;H). We use the change of variables s — t — 6 + s to 
write this as 

C sup e( f f G{5-s,x-y)Vai,e{u{t-5 + s,y)) 

l<i,j,£<d ^ Jo jRk 



D^^}u{t - 5 + s, y)M\d{t -d + s),dy) 



(2.16) 



Using the notation of [28, Theorem 6.1], we set S{s, y) = G{5 — s,x — y) and 

Kij^eis, y) = Vai,i{u{t -d + s,y))- D^^}u{t -S + s,y), 

which belongs a.s. to the Hilbert space JC — Hs- Applying [28, Theorem 6.1], 
we bound the expression in (2.16) by 

C[gm]^ sup sup E{\\K,,,,{s,y)\\%). 

l<i,j,e<d (s,j/)e[0,<5]xR'= 

Using the fact that the factor Vai^i{u{t — S + s,y)) does not involve the 
variables (■, *) that appear in the formula for || ■ ||^^, together with assumption 
(PI), we see that this expression is bounded by 



C[g{{5)r sup sup E (\\D(M^,y)\f^,) 

l<j<d{s,y)£[t-S,t]xR'= ^ 



(2.17) 



where we have used [28, Lemma 8.2]. 

Secondly, we consider the pathwise integral. With arguments similar to 
those apphed to the stochastic integral, we obtain 



E 



t~5 



X 



V^Vi / ds dyG{t- s,x -y)Vbi{u{s,y)) ■ Dl^lu{s,y) ) 
Jo JRk n) J 



< C sup 

\<i,3<d 



E 



ds dy G{s, x - y)Vhi{u{t - s, y)) ■ D[^^}u{t - s, y) 
Jo Jr'' 



2q 



Minkowski's inequality applied to the norm || -jl^^and then Holder's inequality 
with respect to the measure on [0, 5] x M'^ given by G(s, dy)ds, yield the 
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following upper bound for the last expression: 



C sup E 

l<i,j<d 



< 



ds dy G{s, x - y) \\D':^Ju{t - s,y 
Jo Jr'' 

C i ds dy G{s, x — y)) 

sup sup E(\\D^Ms,y)C) 



■Hi 



2q 



X 

l<J<d {s,y)&[t-5,t]x 

by Lemmas 8.6 and 8.2 in [28]. 

We conclude from (2.17) and (2.18) that 



(2.18) 



sup E 



/ T2{t,x;r)dr 
Jt-s 



<Cmn[g{S)r + S'''). (2.19) 



For small £ > 0, choose such that g{5s) = e. By (2.15) and (2.19), for 
any £ > sufficiently small (smaller than some Sq > 0, say), 



inf v^^u{t,x)V >ce - T{t, x; r) dr 

l^'Hi Jt-Se 



where 



sup E 

{t,x)eToxK 



T(t, X] r)dr 



t-s 



1^ 



By (2.14), 5^ < so the right-hand side is less than or equal to 

with p > 0. Therefore, we can apply [7, Proposition 3.5] to conclude the 

proof of Proposition 2.3. □ 

Proof of Theorem 2. 1. As has been already mentioned, we apply [12, Theorem 
2.4]. Then the conclusion in Case 1 follows from Propositions 2.2 and 2.3, 
while those in Case 2 are a consequence of the results stated in Section 2 
under the title Case 2: multiplicative noise, together with the three properties 
stated at the beginning of Section 2.2. 

□ 



3 Eigenvalues of the Malliavin matrix and 
lower bounds 

In this section, we consider the system of equations given in (1.4). We restrict 
ourselves to a covariance measure V{dx) = |a;|~^(ia;, /3 e ]0, 2 A A;[ (hypothesis 
(CI) in Section 2), with k e {1, 2, 3}. 
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We recall the equation (2.11) satisfied by the Malliavin derivative of the 
components Ui{t, x), i — 1, . . . ,d, oi the random field u{t, x): 

Dl^lui{t,x) = G{t - r,x - z)aij{u{r,z)) + aij{r,z;t,x), (3.1) 

with 



(r, z;t,x) = J2 / G{t-s,x- y)Va,M^, y)) ■ dI:>Iu{s, y)M\ds, dy) 

+ ds dyG{t - s,x -y)Vbi{u{s,y)) ■ Dl^lu{s,y). 
Jo Jr'' 

(3.2) I 

The Malliavin covariance matrix of 
Z := {ui{s, y), . . . , Ud{s, y),Ui{t, x) - Ui{s,y), . . . , Ud{t, x) - Ud{s, y)), (3.3) 
is defined by 

As has been proved in [7], Lemma 6.8, there exist at least d orthonormal 

eigenvectors C^, - ■ ■ , C'' of 1z, with corresponding eigenvalues a,;^ ..... > 
tto, with «o strictly positive and deterministic. We fix a set C {1, ... , 2d} 
with card K = d and set 

Ak = (^ieK{ai > ao}. (3.4) 

We term large eigenvalues the with i E K. 

The goal here is to prove that lower bounds for the hitting probabilities 
can be derived from two properties on the eigenvalues of the matrix jz'- 
estimates on the negative iZ-moments of the smallest eigenvalue of the matrix 
72 and boundedness of the same type of moments for the large eigenvalues. 
Establishing such properties on jz is postponed to the next section. We aim 
at proving the following theorem. 

Theorem 3.1 Fix k e {1,2,3}. Let I = [a,b] C [0,T], with a > 0, K a 
compact subset ofM.^ and fix N > 0. Assume (PI), (P2) and (CI). Suppose 
also that there exists p g]0, oo[ such that for any p G [l,oo[, there is a 
positive constant C such that for all s,t E I and x,y E K with {s, y) ^ (t, x), 
|t — s| < 1 and \x — y\ < 1, the following properties hold: 



E 



p 

T 



<C(|^-s| + |x-y|)-^^ (3.5) 

E {n,MCfizCy') < C. (3.6) 
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(1) Fix 5 > 0. There exists a positive constant c — c{I , K, N, P,k,d, p,S) 
such that, for any Borel set A C [—N, NY, 

P {u{I X /s:) n A 7^ 0} > c Cap^^^, M,-^2-w) ^ 1^ 2(u+i) {A). (3.7) 

(2) Fix 5 > and x & K. There exists a positive constant c — 
c{I, x, N, k, d, p, 5) such that, for any Borel set A C [—N, N]'^, 

P {u{I X {x}) nA^(D}>c Cap^(i| 4.(p-(2-w) ^,j ^2^iA). (3.8) 

(3) Fix S > and t E I. There exists a positive constant c — 
c{t, K, N, /3, k, p, d) such that, for any Borel set A C [— iV, N^, 

P{u{{t} xK)nAj^^}>c Cap,(^^M£_M)+5__2^(^)- (3.9) 
The proof of this theorem is presented in Section 3.2. 

3.1 Upper bounds for joint densities 

This section cstabhshes several prchminary resuhs, in particular Theorems 

3.2 and 3.8. Indeed, according to Theorem 2.1 in [12] (see also Hypothesis 
H2 in [10]), Theorem 3.8 is a fundamental step toward estabhshing lower 
bounds on the hitting probabilities. 

Under suitable regularity and non-degeneracy conditions on a random 
vector, the integration by parts formula of Malliavin calculus provides an 
expression for its density. We may refer for instance to Corollary 3.2.1 in [22]. 
Consider the random vector Z defined in (3.3) and denote by Ps,y;t,x{zi, Z2) 
its density at {zi, zi — Z2)- By applying Holder's inequality, we have 

Ps,y;tA^l,Z2) < Iltl {P{\u,{t, x) - Ui{s,y)\ > \z\ - zl\})^' 

x||i/(i,...,2d)(^,l)IU^(n) (3.10) 

(see [7], page 395). In (3.10), if(i^..._2ci)(^, 1) is the random variable defined 
recursively as follows. For any i — 1, . . . , 2d, and any random variable G, 

2d 

H^^iZ, G)^^5{g (7^^),, DZ^) , (3.11) 

3=1 

and then, for every integer j >2, 

H^,...,,) iZ,l)= {Z, (Z, 1) ) , (3.12) 
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where 5 denotes the divergence operator (Skorohod integral) and 72 the 
MaUiavin covariance matrix (see for instance [28] for a definition of these 
notions) . 

As previously, we fix compact sets / c]0,T], K C R'^ and assume that 
s, t e / and x,y e K. One of the main objectives of this section is to prove 
the following result. 

Theorem 3.2 The hypotheses are the same as in Therorem 3.1. Then, for 
every 5 > 0, there exists a positive constant C such that 

C 



|^^(l,...,2d)(^, 1)|U2(Q) < 



{\t - s\ + \x-y\ 



(3.13) 



with 7 = 1(2 - ^ + Ad{p - (2 - ^))) + 5 and p as in (3.5). 



Theorem 3.2 is the analogue in the context of systems of wave equations 
of the estimate (6.3) in [7] for systems of heat equations in spatial dimension 
k — 1. In the next paragraphs, we shall describe briefly the method of the 
proof, following [7] . We refer the reader to this reference for further details. 

By the definition (3.11)-(3.12), we see that 2d)(^! 1) can be 

estimated by applying L^-bounds for the Skorohod integral and Holder's 
inequality for the Watanabe-Sobolev norms || ■ m > 1, p G [1,cxd[ (see 
[21, Proposition 3.2.1] and [30, Proposition 1.10, p. 50]). By doing so, we 
obtain 



|-f^(l,..,2(i)(^, l)||L2(n) < C||if(i,...,2d-1)(^, l)||l,4 

x{i:(l|fe').,lLji^z^iL,s)+E (life')... 



\DZH 



By iterating this procedure 2d — 1 more times, we go down from 
H{i,...,2d-i){Z, 1) to H(^Q){Z, 1) := 1. Eventually, we get the estimate 



2d 



where Z£, 

d 



||-f^(i,...,2d)(^, l)||L2(a) < C JJZ^, 
1, . . . , 2d, is given by 



(3.14) 



£=1 



d / \ 2d / 

5:(llfc')«ILji«^'L,*hE(iife'). 

j=l ^ ^ j=d^-\ ^ 



\DZ^ 



(3.15) 



for some > 1 and pi G [1, oo[. 

Therefore, (3.13) will be a consequence of the next two propositions. 
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Proposition 3.3 Assume (PI). Let Z{s,y;t,x) — {u{s,y),u{t,x)—u{s,y)). 
For any integer m> 1 and any p e [1, oo[, the following statements hold. 

1. For any j G {l,...,o?}, ii^V^s,yUt,x)&[o,T\x9.k \\ZKs.y\i.x)\\^^^ < oo. 

2. For any j G {d + 1, . . . , 2d}, and any a G ]0, ^^[, there exists a positive 
constant C (depending on I and K), such that for any s,t & I and 
x,y e K, 

\\Z^{s,y;t,x)\\^^^<C{\t-s\ + \x-y\r. 

Proof. In the particular case d = 1, the conclusion of part 1 is Theorem 7.1 
of [28]. The extension to arbitrary d is straightforward. The statement in 
part 2 follows from an extension of the results proved in [11]. Indeed, as has 
been pointed out in [29], the results of [11] can be extended to the Hilbert- 
space- valued solutions of the equations satisfied by the Malliavin derivatives. 
□ 



For the next statement, we introduce the following notations: 

(l) = {l,2,...,d}^ 

{2) = {l,2,...,d}x{d+l,...,2d}, 
{3) = {d+l,...,2d}x{l,2,...,d}, 
{4)^{d+l,...,2dy. 

These four sets form a partition of := {1, 2, . . . , 2dy. 

Proposition 3.4 The hypotheses are the same as in Theorem 3.1. For any 
m > 1, j9 G [1, oo[ and every rj > 0, there exists a constant C > such that 
for any s,t E I and x,y E K, 

n\t-s\ + \x-y\)~^(^-('-m-v^ (i,j)e(i), 

(7z^)., <c{i\t-s\ + \x- (ij) e (2), (3), 

' + (i,i)G(4). 

(3.16) 

Assuming the validity of this proposition, let us deduce (3.13). 

Proof of Theorem 3.2. In the next arguments, the values of the parameters 
ri,fi > may vary from one inequality to another; they denote arbitrary 
small positive numbers. 
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Prom (3.15), Propositions 3.3 and 3.4, we obtain 



2d 



\H^i,...,2d){Z,l)U^n)<CmZe] J] 



< C 



Ke=d+1 

|i_5| + |^_^|)-'^(p-M)-. 

-d(p-(2-^))-(2^+^)- 



X 



+ {\t - s\ + \x - y 
{\t -s\ + \x-y 



' 2-13 
. 2 



-n) 



d(p-(2-/3))-(2^+„) 



+ {\t-s\ + \x- ^|)-'^(^-(^-^))-2(^H-^)+(^-^)]' , 

where we have apphed Propositions 3.3 and 3.4 above. This is bounded by 
{\t -s\ + \x- ^|)-2'i^(p-(2-/3))-'i2i^-^^ and this yields (3.13). □ 

Before giving the proof of Proposition 3.4, let us go into the structure of 
the term 7^^. By its very definition. 



fm 
^(ife')«r)+E^[ii^'fe').. 



and 

(7z')„ = (det7z)-'(Az),,, 
where Az is the cofactor matrix of 7^. 



p 



(3.17) 
(3.18) 



Proposition 3.5 Assume (PI). Then for any p G [l,oo[ and every a G 
] 0, [, there exists a constant C > such that for any s, t e / and x,y G K, 



Lp{n) 





'{\t-s\ 


+ 


|x-y|)2'^". 


ihj) e (1), 




{\t-s\ 


+ 




(^,j)e(2),(3). 




Mt-s\ 


+ 


\X - y|)(2<^-2)". 


ihJ) e (4). 



Proof. We follow the method of the proof of Proposition 6.5 in [7] and we 
see that the result is a consequence of the estimates given in Proposition 3.3 
along with the upper bounds for the L^-moments of {Az)^j for the different 
sets of indices (i,j) shown in [7, p. 400-401]. □ 

Proposition 3.6 The hypotheses are those of Theorem 3.1. Then for any 
p e [l,c>o[, there exists a constant C > such that for any s,t & I and 
x,y & K with {t,x) ^ {s,y), 



det 7^) 



-ii 



<C{\t- s\ + \x-y\ 



-dp 



(3.19) 
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Proof. Quoting Lemma 6.8 and inequality (6.11) in [7], we write 



(det7z)' 



iLP(n) 



< 



E 



KC{l,2,...,2d} 
\K\=d 



X 



E 



2p 



E 



\ 



-2pd \ \ 2^ 
.1 



inf ^A^lzi 

|A|2 + |m|2 = 1 



with Ak = r\ieK{<^i > tto} defined in (3.4). 

According to (3.6), the first factor on the right-hand side of the preceding 
inequahty is bounded by a constant. Then (3.19) follows from the assumption 
on the small eigenvalues given in (3.5). □ 



Proposition 3.7 We assume the hypothesis (PI). For any p G [1, oo[, i > 1 

2 



and a G ]0, ^-^[, there exists a constant C > such that for any s, t G / and 



x,y e K, 



< C 



p,k 



\X 



s\ + \x 



e (1), 
(^,j)e(2),(3), 

{^:J) e (4). 



Proof. This proposition is the analogue for systems of wave equations of 
[7, Proposition 6.7]. As in this reference, the result follows by applying the 
Leibniz rule for the Malliavin derivative and Proposition 3.3 (see pages 402- 
403 in [7]). □ 

Proof of Proposition 3.4. We follow the same method as in the proof of 
Theorem 6.3 in [7]. Consider first the case m = 0. Applying (3.18), then 
Holder's inequality along with Propositions 3.5 and 3.6, we obtain (3.16). 

For m > 1, we apply a recursive argument. For this, we consider first the 
case m = 1 and the identity 

which is a consequence of the chain rule of Malliavin calculus and the trivial 
identity ^z^^z — Id. The estimates (3.16) follow from what has been already 
proved for m = and Proposition 3.7. □ 

With (3.10) and Theorem 3.2, we can now give the second main result of 
this section. 



27 



Theorem 3.8 Let ^ e]0,2AA;[. Suppose (3.13) holds for some ^ e [A;+l,oo[. 

Fix a e]0, For any I. K compact subsets of [0, T] and M'^ respectively, 
both with diameter < 1, and every Zi,Z2 G M"' with < l-^i — 2;2| N , there 
exists a constant C := C(q;, 7, A;, A^) such that 

X:= / (itiia; / 2:2) < (7X3^-^^+12 (|2;i - Z2I). (3.20) 

JlxK JlxK " 

Proof. For i = 1, . . . , ci, let r^' = — 2^3. Assume without loss of generality 
that < supj \r]^\ = \r]^\. Let po > be such that I x K C Bps.{0). Recalling 
(3.10) and Theorem 3.2, we see that 



X<Xi+X2, 



where 



/ dtdx I 
JixK Jr 



C 



ixK ^^^^ ^{(\t-s\+\o^-ym-^<PoN-k} _ s| + _ y\y. 



X [P{\m{t,x)-u,{s,y)\ > 
dtdx 



IxK 



C 



Apply Chebychev's inequality to see that for p > 0, 
Ii < dtdx / dsdy 1^ 

J IxK Jl> 



C 



\xK 



{(\t-s\ + \x-y\)\ri\ S<poN H} _ s| _^ j^; - y|)" 



X 



E{\ui{t,x) - ui{s,y)\i 



i\p 



By the result of [11, Theorem 4.1] on Holder continuity. 



dtdx 



IxK 



IxK 



(It-. 


+ 


X 


-^l)-7+ff 


1^1 


p 

2d 



In the second integral, we do the change of variables 6 = ((t, x) — (s, y))\i]\ 

so "there is no longer dependence on the first integral" , in order to see that 



I a +2d / 



del 



2d 



B _i(0) 



Since ^ - M 
finite, and we see that 



1^1 1 — < 1, we choose p > (7 — /c — 1)— so that the integral i 



IS 



(3.21) 



28 



Concerning X2, we use the same change of variables as above to see that 



X2 < C|?7 



dd\e\ 



B _i(0)\B _i(0) 

P0\v\ « pqN a 



(3.22) 



In the case where 7 > /c + 1, we bound the integral by 



poN 

which is finite since 7 > /c + l. Combining (3.21) and (3.22), we obtain (3.20) 
in this case. 

In the case where 7 = /c + 1, we bound the integral in (3.22) by 
rpo\v\~^ 1 / 1 \ 1 

/ dpp-^ ^ --] + -InN. (3.23) 

JpoN-i 01 \\rj\J a 



Combining (3.21), (3.22) and (3.23), we obtain (3.20) in this case. 
The theorem is proved. 



□ 



Remark 3.1 (a) In the case where a is constant, it is possible to take a — 



in Theorem 3.8, because of Proposition 2.2. 

(b) A sufficient condition on the density that could replace the hypothesis 
(1) in [12, Theorem 2.1] would be 



\x — y\ 
\zi — Z2\ 



A 1 



\x - 

where p > (7 — m)^. The conclusion of [12, Theorem 2.1] would then be 

PM/)n^^0}>CCapi(^_)(^) 
instead of (12) there. 



3.2 Proof of Theorem 3.1 



Wc begin with the proof of (1). Set 7 = f (2 - /3 + 4rf(p- (2 - /3))) + (5. Since 
5 > is arbitrary, it suffices to consider the case where 

Cap 2(7-(fc+i)) .A A) > 0, 

2-/3 

29 



in which case ^^'^^i^^^^^ < d. Since P{u{I x K) D A $} decreases if we 
replace / by a subset of /, we can assume that diam(7) < 1 and diam(ir) < 1. 
We assume first that A is compact and we consider two different cases. 

Ccise 1: 7 < A; + 1. By the definition of the capacity, Cap 2(7-(fc+i)) (A) = 1. 

2-/3 

Thus, it suffices to check that 

P{u{I X K)nA^iD} >c, 

for some positive constant c. For this, we proceed in a manner similar to the 
proof of [12, Theorem 2.1]. Fbc z e A, e e]0,l[ and set 



l^^J JlxK 



We will prove that E{J^{z)) > Ci and E[{Js{z)y] < C2 for some positive 
constants Ci, C2- Then, by using Paley-Zygmund inequality, 

p{u{i X K) n ^(^) ^ 0} > P{Uz) > 0} > > 

where A^^^ = {x : d{x, A) < e}. 

The lower bound for £"( is a direct consequence of the results proved 
in [24] (see also [3]) on the positivity of the density for the solution of (1.4). 
To estabhsh the upper bound, we apply (3.10) along with (3.13) and obtain 

E[{Je{z)y] ^ jtX^ [ dtdx I dsdy I dzidz2Ps,y;t,x{^i, Z2) 

\^^) JlxK JlxK JBe{z)xBe{z) 

<C [ dtdx [ dsdy— j j r— . 

JlxK JlxK {\t - s\ + \x - y\p 

We may assume that I x K is included in the k + 1-dimensional ball -Bj.(,(0), 
for some ro > 0. Thus, changing to polar coordinates, we obtain 



E[{Je{z)f] <C f dzdz' 

J Br.AG)xBr.JQ) \Z - Z' 



- 7l\l 



'Bro{0)xBro{0) 

f2ro 

<C p^-'^dp < 00. 
Jo 

This ends the proof of the theorem when 7 < /c + 1. 

Case 2: < '^^^^2^_'^^'^^^ ^ analysis of Case 1, we have considered 

a rough upper bound for the first factor on the right-hand side of (3.10), 
namely 1. Here we will keep these factors and apply Theorem 3.8. 
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Let Q be a probability measure with support in the set A. Let — 
^2^1bj(o), where B^{0) denotes the d-dimensional ball centered at and 
with radius e. Define 

= yArf / ^^^^ / '^B,{o){u{t,x) - z) 

l^^j JlxK Ja 

— I dtdx {g^ * Q){u{t,x)). 

JlxK 

As in Case 1, by applying results in [24], we obtain E{J^{Q)) > ci, for some 
positive constant ci. 
We will prove that 

E [{MQ)f] < CS,-i,+iAQ), (3.24) 

for any a G ]0, Indeed, usine; Fubini's theorem and the existence of 

the joint density of the random vector {u{s, y),u{t, x)) at any points (s, y) ^ 
{t,y) e]0,r] X we have 

E [{Je{Q)f] < [ dZidZ2 {ge * Q){zi){ge * Q){Z2) 

Ja^xA^ 

/ dtdx / dsdyps,y;x,t{zuZ2). 

JlxK JlxK 



X 



Fix a e]0,^[. By Theorem 3.2, (3.13) holds for 7, and 7 > A; + 1 
since we are in Case 2. Therefore, Theorem 3.8 along with Theorem B.l in 
[6] imply that 

E [{Je{Q)f] <C [ dz,dZ2 {ge * Q){z,){ge * Q){Z2) 

Ja^xA^ 

X K ^-(k+i) {\Zi - Z2\) 

a 

= CSj-{k+i){ge * Q) 

a. 

< CSj-(k+i){Q). 

Since a can be chosen arbitrarily close to this finishes the proof of part 
(1) of Theorem 3.1, following the arguments of the proof of Theorem 2.1 in 
[12], including the extension to the case where A is Borel but not compact. 

In parts (2) and (3), we are considering hitting probabilities of stochastic 
processes indexed by parameters of dimension 1 and A;, respectively. The 
same arguments used in the proof of part 1 give (3.8) and (3.9), respectively. 

This completes the proof of Theorem 3.1. □ 
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4 Study of the eigenvalues of the Malliavin 
matrix and lower bounds 



In this section, we prove that the solution of the system of wave equations 
(1.4) does satisfy properties (3.5) and (3.6) with p = 5 + 3 — /3, where S > 
is arbitrarily small. We assume that the covariance measure T satisfies (CI). 
We start with the contribution of the small eigenvalues of Fz- 

Theorem 4.1 Assume (PI), (P2) and (CI). For any p G [l,oo[ and every 
small 5 > there exists a positive constant C such that for all s,t & I and 
x,y & K with {s, y) {t, x) , \t — s\ < 1 and \x — y\ < 1, 



E 



<C(\t 



S\ + \X 



y\) 



-p(5+3-/3) 



(4.1) 



Proof. Assume without loss of generality that s <t. We write 

Clzi = Ji + J2, (4.2) 
with ^ = (Ai, . . . , Ad, xi, . . . , Xd) e R^'^, and 

Ji = / dr ^(Ai - Xi) [G{s -r,y- *)(Ti,.(ii(r, *)) + ai,.('^, *; s, y)] 

•^0 " i=i 



+ Xi [G{t - r, X - *)ai^Xu{r, *)) + ai^X^^ *; ^> ^)] 



dr 



XI Xi [G{t -r,x- *)ai^X'^(r, *)) + Qi^X^, *; t, x)] 



i=l 



We shall use the notation A = (Ai, . . . , A^), x— (Xi; ■ ■ ■ > Xd)- 

Case 1: s, t G [a, h], with a G ]0, 1[, 1 > t — s > 0; |a; — |/| <t — s. 
For any £ G ]0, s A (t — s)[, we write 

Ji = dr\\ ^(Ai - Xi) [Gis -r,y- *)ai,Xu{r, *)) + ai,.(r, *; s, y)] 

Js-e 

2 

+ Xi[G{t-r,x-*)aiXu{r,*)) + aiXr,*]t,x)] (4.3) 

2 



•^2 



dr 



n-e 



X] Xi [G{t -r,x- *)(Ti,.(«(r, *)) + ai,.(r, *; t, x)] 



i=l 



. (4.4) 
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Consider positive real numbers 9i, 62 whose values will be specified later 

] — — — / 1 \ - r 

0, a*i A a*2 A - s) »2 A (ij , we clearly have 



inf ^^r^^ = min inf (Ji + J2), inf (Ji + J2) 



^0<|x|<eS 



e^<lxl<l 



> min inf Jf ^ , inf J| 



vO<|xl<e'^ e'2'<|x|<l 



We will prove the following: 
(A) 



with Y-i^^ satisfying 



inf jf >C£^iM-yi„ 

iei=i, ~ ' 

0<|x|<e5 



(4.5) 



for any p G [l,oo[. Here and throughout the paper, given a real number 
r > 0, we denote by r~ any f G ]0, r[ (usually taken close to r). 

(B) 

inf jf >C£^+^^M-y2., 

J5l=l, ^ - 
s^<lxl<i 

with y2,£ satisfying 

E{\Y2,e\'')<Ce^^^''-^^^~P, (4.6) 

for any p e [1, oo[. 

We shall also prove that, for a fixed (5 G ]0, 2[, we can choose 1^,61,62 > 
such that the following conditions are satisfied: 

(i) min(^i(5 - 2P)-, 9, + u) > 6,(3 - /S), 

(ii) ^2(5-2/3)- > Z/ + ^2(3-/3). 

Then, by setting sq := a^i Aa^2 A(t — s) ^2 A (|) " , according to [7, Proposition 
3.5], we will deduce that 



E 



inf^eVe 



(4.7) 
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for any p e [1, oo[, with a — max(^i(3 — + ^2(3 — and this will lead 
to (4.1) (see (4.12) and (4.18)). 

Proof of (A). To simplify the notation, we write 9 instead of O^. By the 
triangular inequality, for any norm || • ||, 



\a-rhf>-\\af- 



(4.8) 



therefore 



J(> 



dr 



- Xi)G(s -r,y- *)(Tj,.(ii(s, v)) 



i=l 



with 



ns 1 1 

Yi,e = / dr y^iK - Xi){G{s -r,y-*) [(7i,.(ii(s, y)) - ai,Xu{r, *))] 



+ Xi [G{t -r,x- *)ai^Xu{r: *)) + ai,.(^ *; x)] 



In this case, we arc assuming that |xP < s'^- Since |Ap + |xP = 1, there exists 
a positive constant c, depending on Eq, such that |A — x| > c. Therefore, by 
Lemma 5.1, 



dr 



X](Aj - Xi)G{s -r,y- *)cTi,.(M(s, y)) 



i=l 



>pI\^-X? f dr\\G{r,y-*)fu 
Jo 



(4.9) 



Next, wc establish an upper bound for the L^(f2) norm of Yi^^, for any 
p e [1,cxd[. After the change of variable s :— s — r, we apply Holder's 
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inequality. Along with the Lipschitz property of a and (1.8), this yields 

2 \ PN 



E 



dr 



p-i 



X 



/ dr G{r,dz)G{r,dw)\z — w\ ^ 

Jo Jr'^xR'' 

X E {\u{s,y) -u{s-r,y- z)\\u{s,y) -u{s-r,y- w)\f 

The last inequality, follows from the results of Section 2.1 and Lemma 5.1. 
Indeed, under (CI), we recall from Proposition 2.2 that the inequality (2.3) 
holds with 5 e]0, ^[. 

By Holder's inequality and since a is bounded, we have 



E 



dr 



^ XiG{t -r,x- *)cTj,.(M(r, *)) 



1=1 



2 






) 



. CM- (£ 



dr\\G{t-r,x-*)\\U \x 



\2p 



Here |xp < e''. Then, by Lemma 5.1(c), we see that this is bounded by 
Finally, by Lemma 5.2 we obtain, respectively 



E 



E 





d 


2 




/ dr 






) 


Js-eO 


1=1 







dr 



i=l 



Thus, wc have proved (4.5) with 9i := 9. Along with (4.9), this ends the 
proof of statement (A). 

Proof of (B). As before, we write 9 instead of ^2- Applying (4.8), we obtain 



Jf > 



dr 



X] XiG{t -r,x- *)(7j,. {u{t, x)) 



i=l 



2,£, 
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with 



Y2,e^ / dr\\y2xi[G{t-r,x-*)[ai,,{'t^{r,*))-ai^,{'t^{t,x))] 



We are now assuming \x\ > £2. Thus, by (P2) and Lemma 5.1, 



>pI\x\' f dr\\G{r, 
Jo 

Similarly to (4.10), we have 



(4.11) 



E 



dr 



t-e" 



^ XiG{t - r, X - *) [(7i,. (ti(r, *)) - aiXu{t, x))] 



i=l 



2 \ P\ 



^ (j^e{b-2p)-p_ 
Moreover, by Lemma 5.2 with s — t, 

d 



E 



dr 



^Xiai,.{r,*;t, 



x 



1=1 













Thus, we have proved (4.6) with O2 0. Along with (4.11), this ends the 
proof of (B). 

To end the analysis of Case 1, we must check that one can find indeed 
positive real numbers 9i, 62 satisfying the restrictions (i) and (ii) above. 

For this, we remark that for ^ e ]0, 2[, 6li(5-2^) > 6li(3-/3), so condition 
(i) is equivalent to 

As for condition (ii), it is equivalent to 

v<e2{2-^). 

Hence, we may consider < ^1 < ^2 and then v e]9i{2 — 13), 62(2 — /3)[, to 

1 1 

obtain (4.7) with £0 = 0,"^ A (t — s)^2 and a = v + 62(3 — /3). From here, we 
obtain (4.1) by the following arguments. 
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Clearly, 



_ j_ 

Since t — s < 1, for any positive constant C, we have C < C{t — s) ^2 , and 
we can apply this with 

C = a~^. 

Thus, up to a positive constant C, the upper bound in (4.7) may be replaced 
by 

Finally, (4.1) is obtained as follows. Fix 5 e]0,2 — ^[, then choose < 
Oi < 02 satisfying 9i{2-p) < 626 and u e ]9i{2-p), 92S[. For any p e [1, oo[, 
we obtain 

-p 



E 



inf e'^r^e 

l«l=l 



<C(i-s)-f[^+3-/']. 



(4.12) 



This clearly yields (4.1), since we are assuming that |a; — y| <t — s. 



Case 2: s,t E [a, 6], a e ]0, 1[, < i — s < \x — y\. Let (5o > be a real 



number to be determined later on, and fix £ e 
analysis of this case into two subcases. 



. We spht the 



Subcase 2.1: < t — s < e. We start by writing the obvious lower bound 
C^rz.^> / dr\\^{Xi-Xi)[G{s-r,y-*)ai,X'^{r,*)) + ai,,{r,*;s,y)] 

J s—e 



+ Xi [G{t -r,x- *)ai^Xu{r, *)) + ai,.(r, *; t, x)] 



By the inequality (4.8), the last expression is greater than or equal to 
\Ls{s] X, y) — Ya^e, where we have used the notation 

^{'^i - Xi)G{s -r,y- *)ai^,{u{s, y)) 
+ XiG{t -r,x- *)(7j,.(^i(s, x)) 

4 

1=1 



2 
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with 

U^{s;x,y) 



X 



U^{s;x,y) 
U!{s;x,y) 



u: 



\s;x,y) = ^ 



dr 

e 

d 

- Xi)G{s -r,y-*) [(7^,.(^i(s, v)) - (^i,.iu{r, *))] 

d 

^XiG{t -r,x - *) [(7j,.(M(s,a;)) - cTi,.(«(r, *))] 

i=l 

i=l 
d 



i=l 



dr 



dr 



We now prove that for any p e [1, oo[, 



(4.13) 



Indeed, this is a consequence of i/(Q) estimates of each term Ul{s;x,y), as 
follows. 

The term £" a;, is the same as the first one in (4.10), with 

e^l. Thus, 

E{\Ul{s,x,y)\')<Ce^'-'^rv_ 

With similar arguments as in (4.10), and using the fact that t — s < e, 
we see that 



E 



dr 



XI ^^^(^ - r, X - *) [(JiXu{s, x)) - (Ji,. {u{r, *))] 



i=l 



2 \ PN 



This imphes that 

E{\U'^{s-x,y)\')<Ce^'-'^rv_ 
Prom Lemma 5.2, we obtain 

E{\u!{s,x,y)\')<Ce^'-^^'^. 
Using again that t — s < e, Lemma 5.2 also yields 

E {\Ut{s- X, y) n < Ce^it - s + 6^'^^^^ < Ce^^'^^^^. 
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With this, the proof of (4.13) is complete. 

Our next goal is to establish the lower bound 



(4.14) 



for some positive constant c. For this, we apply the change of variable r — > 
s — r and the inequality ||a + > ||a|| + ||&|| — 2|(a, valid in any Hilbert 
space. Property (P2) imphes that 



+ 1x1' f dr\\G{t-s + r,x-*)\\l^ 



- 2 



I dr{{X-xV(T{u{s,y))G{s-r,y-*), 

J s—e 

X^cr{u{s, x))G{t -r,x- *))^^ 



Set 



T,(s,t;x,y) = 2 [ dr {(X - xV(T(u(s,y))G(s - r,y - *), 

J s—e 

lFa{u{s,x))G{t-r,x-*))^^ . 

Remember that |Ap + |xp = 1. Consequently, |A — + |xp > c, for some 
positive contant c. This fact, along with Lemma 5.11 below, implies that 

Le{.s] X, y) > CE^~^ - T^{s, t; x, y). 

Our next aim is to prove that 

r,(s, t] X, y) < ce''-^^!{e] x, y; s, t), 

where 



lim <i/{e;x,y;s,t) ^0, 



(4.15) 
(4.16) 



uniformly over ^ G [0, 1]. 

By developing the inner product in the definition of Ts{s, t; x, y), we easily 
obtain 



T,{s,t;x,y)<C 



f dr{G(r,y-*),G{t-s + r,x-*))^ 
Jo 
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with a constant C depending on |A|, ||cr||oo- Statements (4.15)-(4.16) now 
follow from Lemma 5.12. 

Property (4.16) implies the existence of a 5o > such that, for any £ > 
satisfying ^ > 5o, 

|*(£;x,y;s,i)| < — . 

This yields 

Le{s; X, y) > ce^~^ - Te(s, t; x, y) 
- 2 

Thus, for any e < we have proved that 

mieizi>Ce^-^-Y,,,, (4.17) 

with y^_£ satisfying (4.13). 

Subcase 2.2: Q < e < t — s. We apply the results obtained in Case 1 to 
conclude that 

'^^H'^lzi > min (C£^i(=^-^) - Fi,,, C£^+^^(^-^) - , 

with £ and ¥2^^ satisfying (4.5), (4.6), respectively. 
Combining the results proved so far, we see that 
|inf^e^7ze > min {Ce'^i^-^^ - ri,,l{,<t_,}. 

To reach the conclusion, we would like to apply Proposition 3.5 in [7]. For 
this, the parameters 6*1, 62 and u must satisfy certain restrictions. Setting 
02 = I, these restrictions become: 

(a) ei + iy>ei{3-/3), 

(h) 5-2/3 > u + 3- /3, 

(c) 5 - 2/3 > 3 - /3. 
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Since ^ e]0, 2[, (c) is clearly satisfied, and (a) and (b) are equivalent to 

^i(2-/3) < t/ < 2-/3. 

Consider < < 1 and choose G ]^i(2 — 2 — According to Propo- 
sition 3.5 in [7], we obtain 



E 



< C\x — y\ 



-p(i/+3-/3) 



(4.18) 



Since 9i can be chosen arbitrary small, this yields (4.18) with v replaced by 
any 5 arbitrary close to zero. 

Finally, (4.1) is obtained by combining the results proved in Ceise 1 (see 
(4.12)) and Case 2. This proves Theorem 4.1. □ 

Our next efforts are devoted to the study of the large eigenvalues of 72- 

Theorem 4.2 We assume (PI), (P2) and (CI). For any p G [l,cxo[, there 
exists a constant C depending onp, I and K such that, for any {t, x) ^ {s, y) 
with a < s < t < b and x,y G K, 



E 



i\-p 



(4.19) 



with Ak defined in (3.4). 



Proof. Fix ?o £ {1) • • • ? c^} such that ttjg > cto- In the sequel, we will write a 
instead of and ^ instead of ^i^. By Holder's inequality, it suffices to prove 



E 



(4.20) 



for any p G [1, oo[. 

Fix 9 G ]0, 1], and then 9i < 9{2 - /3)/2, so that 9i < 9. In the subsequent 
arguments, we shall consider £ G ]0, a^^^^ [. 

Case 1: < t — s. As in the proof of Theorem 4.1, we write ^ = (A,x). 
There exists a G [0,1] and vectors A, ^ G M.^ such that A = a A, — 
Vl — X-i |A| = 1x1 = 1. For any > 0, we obviously have 

inf {eizi) = min ( mi (C^zO , i^f {("izi)] ■ 

Assume aQ <a < \/l — e'^. By using (4.2)-(4.4), we write 
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where 



dr 



t-e" 



^ Vl - a^XiG{t -r,x- *)ai^.{u{t, x)) 



i=l 



and = Gii,^ + Gi2,e with 

d 

^ Vl - o^XiGit -r,x- *) [(Ti,.(M(t, *)) - ai,.{u{r,x))] 



dr 



G 



12,£ 



t-e" 



^ Vl - Q;2xiaj,.(r,*;t,: 



1=1 



By Lemma 5.1 and hypothesis (P2), since 1 — > £'', we have 

Gi,e > Ce'^+'^^^-^l (4.21) 

Similarly as in (4.10), we have 

EiiGn,ey) < C£«(^-''5)"f . 

Lemma 5.2 with s — t tells us that 

E{{Gu,sy)<Cs'('-^^'^. 

Both estimates above hold for any p e [l,oo[. Consequently, for any p e 
[l,oo[, 

E{{G,,,Y) <Ce'^'-^^^'P. (4.22) 

Let us now assume that \/l — < a < 1. In this case, we use (4.2), 
(4.3) and we consider the lower bound 

1 



where 



2,£ 



aXiG{s -r,y- *)cri,.(M(r, |/)) 
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and G2,e = Ya=i '^2i,£, with 



G 



21,£ 



dr 



^ a~\G{s -r,y-*) ^.(^(r, *)) - ai,.(M(r, |/))] 



i=l 



X [^(i - r, X - *) - G(s - r, y - *)] (Ti^.{u{r, *)) 



^24,6 — 



dr 



^ Vl - Q;2xiai,.(r, *; t, x] 



i=l 



We arc assuming a > a^. Therefore, by Lemma 5.1, for some positive 
constant C, 

G2,e>Ce''^^-^\ (4.23) 

The support of G(s — r, y — *) is included in the set {z eM? : \y — z\ = s — r}. 
Then, similarly as in (4.10), Lemma 5.1, the Lipschitz continuity of a along 
with Proposition 2.2 and (2.3) yield 

£;((G2i,.r)<6^^(^-^^)-^ 

and by Lemma 5.2 with s — t, 

E{{G22,ey)<Ce'^^'-^^'P. 

The assumption on a implies 1 — < e'^. Hence, by applying Corollary 
5.10, we obtain 

E {{G23,eY) ^ C£[''+^i(^-'^)"^/'eio.i[+^^(2-^)"^/'e[i.2[]f. (4.24) 
By Lemma 5.2, we have 

E {{G24,ey) < Ge^Pe^'P(t - s + £«i)(5-2/3)p < Ce^^+^'^P. 
Summarizing the estimates obtained so far, we obtain 

E({G2eY) ^ C£™"[^i^^"^'^^~'''+^i^^"'^^~^''el°'i[+^^^^"'^^~^'3e[i,2[b_ (4 25) 
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Case 2: <t-s <e^, < e^, with 5o > to be determined later (after 
(4.31)). According to (4.2) and (4.3), we can write, for ^2 > sufficiently 
small. 



where 



Gs^e — 



dr 



^a\iG{s -r,y- *)cTi,.(M(s, |/)) 



i=l 



and G3,£ = ^jL^ €3^^ with 



31,£ - / 

J s—t 



G 



Gz2,e — 



dr 



.$2 



dr 



S-£"2 



^aXiG{s-r,y-*) [ai^.{u{r,*)) - ai^.{u{s,y))\ 

d 

^ \a\i - Vl - a^Xj] ai,.(r, *; s, y) 



Gs3,e= r c?r||Vx/r 



X [G(t — r, x — *) — G(s — r,y — *)] ai^.{u{r, *)) 



G: 



34,£ 



— e^2 



^ Vl - a^Xi^i,- (^^, *; ^, a;) 



As has already been argued several times, by applying Lemma 5.1 and since 
Q; > cco, we obtain 

G3,e > Ge^^^^-^\ (4.26) 
Similarly as in (4.10), we have 

while thanks to Lemma 5.2 with s — t, 

These two bounds hold for any p e [1, oo[. 

From Propositions 5.3 and 5.6 and the discussion following Corollary 5.10 
(see (5.40), (5.43) and (5.45)), it follows that for any p e [l,oo[. 
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(4.27) 

By applying Lemma 5.2, since we are in the case where t — s < e", we 
obtain 

E ((G34,.)T < Ce'^^it - s + 

< C (^£[^2+^(5-2/3)]p _^ ge2(3-/3)2p^ 

for any p G [1, oo[. 
Therefore, 

-E^((G'3£)T < (:7£™™[^2(5-2/3)-,e2+e(5-2/3),7r(0,(?2,/3)b^ (4 28) 

with 

7r(^, ^2, /3) = min (^(2 - /?)- + ^2, 2^" + ^2(1 - /?), ^" + ^2(2 - /3) 

^(1 -/?)- + 2^2) 1/36]0,1[ 

+ min (^(2 - + ^2, ^ + ^2(2 - ^), 



e 



2-/3 ^4-/3 



+ ^2^)l^6[l,2[. (4.29) 



Case 3: < t - s < e'' and < £^ < Using (4.2)~(4.4), we obtain 



where 

GA,e= / dA (aXi - Vl - a^xJ G{s -r,y - *)ai^.{u{s,y)) 

+Vl - a'^XiG{t -r,x - *)ai^.{u{s,x)) 



2 
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and Gi^e = Ya=i with 



G4i,e = / ( aAi - Vl - a'^Xi) G{s -r,y-*) 



Gi2,e = / '^^ XI Vl - oi^XiG{t - r, X - *) 



G 



43,£ 



44,£ 



J s—e 

-f 

J s—e 



dr 



dr 



X [(7i,.(li(r, *)) -(7i,j;(li(s,x))] 

d 

^ (^aAj - Vl - a^Xi) *; s, y) 

1=1 

d 

^ Vl - Q;2xiai,.(r, *; t, x) 



2 



1=1 



We fix p G [1, oo[ and give upper bounds for tlie L^'(n)-norms of each one of 
the terms above. 

We have already seen (see (4.10)) that 

E{[G,,,,Y) < C£^(5-2/3)-p. 

For the second term, we use the Holder continuity of the sample paths, 
Lemma 5.1 and the fact that the support of G{t — r,x — *) is included in 
{2; G : |a; — z| < t — r} to see that 

= C'£^(5-2/?)-p^ 

since t — s < e^. For the third term, wc apply Lemma 5.2 (with t — s) and 
we obtain 

E{{G,,,,y)<Ce'^('-^^'^. 
Finally, for the fourth term, we use Lemma 5.2. We get 

E ((G44,.)'') < Ce'nt - s + £^)(5-2/3)p < C£^(3-^)2f . 

From the above estimates, we conclude that 



E 



.1=1 



^ ^^0(5-2/3)-p_ 



(4.30) 
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Our next aim is to find a lower bound for (j4,£. For this, we apply the 
change of variables r — > s — r, and then we develop the square of the norm 
on Ti'^ to obtain 

G4,e> r dr\\G{r,y-*)\\l (aF - x/r^x>K^, I/)) ' 

^0 

re^ 2 

+ / dr \\G{t — s + r,x — *)\\^ Vl — a'^x^a{u{s,x)) 
Jo 

-2 / dr{G{r,y-*),G{t-s + r,x-*))^ 
Jo 

X ^ (aX - Vl - a'^xj cr{u{s, y)), Vl - a'^X(^{u{s, x)) 
Property (P2) along with Lemmas 5.1 and 5.11 yield 

G4,e > cplifiia, A, x)£^^'~^^ - 2 A, x)/(£; t, x, s, y) 



with 



^p{a, A, jl) — aX^ — Vl — ck'^X^ + Vl — ot'^X^ , 

^(", Kx) = («A - Vl - a'^x) cr(M(s, y)), Vl - a^X(^{u{s, x))^ , 

/(£; t, X, s,y)= / {G{r, y - *),G{t - s + r,x - *))^ , 

^0 

and r—^f -5i£!(HI^,,, 
One can easily check that 



Also, 



cpo inf ^(a, A,x) > 0. 

l|A|| = ||xll=i 



sup iV'loi, A,x)| < 2||(7||^. 

ae[ao,l] 

l|A|| = ||xll=i 



Therefore, 

G4,e > cplipoe'^'-^^-2\\a\\l \Iie;t, x, s,y)\ . (4.31) 

Since < t — s < e^, hj Lemma 5.12, there exists 5o > such that for any 
s > satisfying -l^^^^ > 6o, we have that 

|HlL|/(e;t,x,.,y)|<^s^M 
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Prom (4.31), it follows that 

G,^^ > ^^e(3-/3)_ (4 32) 

With the estimates (4.21), (4.23), (4.26) and (4.32), we have established 
the following. For any < £ < a "i , 

inf {e^zi) > min (c£^+^(^-^) - G,,,, ce'^^'-^^ - G,,^, 

ao<a<l 

ce'^^'-^^-Gs,s,ce'^'-^^-G,,,) 
>min (c£''+^(3-/3)-(G'i,, + G4,.), 

Choose 02 — Oi. We will apply [7, Proposition 3.5]. For this, taking into 
account the inequalities (4.22), (4.30), (4.25), (4.28), the following conditions 
must be satisfied: 

{^) rj + 9{3 - (3) < 9(5-2(3), 

(b) ^i(3 - /3) < min(^^i(5 - 2/3), + ^^i(l - /3)l;3e]o,i[ + 9,(2- /3)l;3e[i,2[), 

(c) ^i(3 - /3) < min(^i(5 - 2/3), 9, + 9{5 - 2/3),7r{9, 9,, /3)), 

with 7r{9,9i,/3) defined in (4.29). It is easy to check that these constraints 
hold by choosing 9, 9i and rj such that 

29i<r] <9{2- 13), 0<9i<9. 

Hence Theorem 4.2 is proved. □ 

We now apply the results just obtained, along with those obtained in Sec- 
tion 3, to estabhsh lower bounds for the hitting probabilities of the solution 
of the system of equations given in (1.4). 

Theorem 4.3 Let k e {1,2,3}. Assume (PI), (P2) and (CI). Let I = 
[a, 6] C [0, T], with a > 0, let K he a compact subset of'MJ' and fix N > 0. 

(1) Fix 5 > 0. There exists a positive constant c = c{I, K, N, j3, k, d, S) such 
that, for any Borel set A C [— A^, A^]*^, 

P {u{I X X) n A 7^ 0} > c Cap^(^, ^4_rf^) ,^ 2(u+^){A). 
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(2) Fix S > and x & K. There exists a positive constant c — 
c{I, X, N, (3, k, d, 5) such that, for any Borel set A C [—N, NY , 



P {u{I X {x}) n A ^ 0} > c Cap,(,^_i^)^,__^(A). 



(3) Fix 5 > and t G I. There exists a positive constant c — 
c{t, K, N, k, d) such that, for any Borel set A C [-N, NY, 



Proof of Theorem 4.3. Theorems 4.1 and 4.2 show that assumptions (3.5) 
and (3.6) of Theorem 3.1 hold with p = 5 + 3 — /3, where 5 is an arbitrarily 



5 Appendix 

In this section, we gather important technical results that have been used 
throughout the preceding sections. Except otherwise stated, we assume (CI) 
and (PI). 

Lemma 5.1 For k & W and ^ e ]0, 2 A we have the following. 

(a) For any r > and x G M'^, 



P {u{{t} xK)nA^%]>c Ca.Vd{i+^) 



small positive real number. 



□ 



\\G{r,x-^)\\l 



— cr 



,2-/3 



(5.1) 




(b) For any T > and Tq > 0, there is C > such that 




(c) For any < s < t < T and each e e ]0, s[. 




dr \\G{t — r,x — * 
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Proof. By its very definition (see (1.10)), 

2 , sin2(r|^|) 



l|G(r,x-*)||^ 



-13+2 



With the change of variable ^ — )• r^, we obtain (5.1). The remaining state- 
ments follow easily. □ 

Lemma 5.2 Let k e {1,2,3} and let {aij{r, z;t,x), < r < t, x,y e M'^, 
^ hj d} be the stochastic process defined in (3.2). Fix < s < t < T. 
Then, for any e e ]0, s[, x ^ I^*^; (J'l^d each p e [1, oo[, 





d 


2 




/ dr 


^Xiai,X'^^*'^'t,x) 




) 


J S — £ 


1=1 







sup E 

In particular, when s — t. 



sup E 



Proof. Set 

d 

Tl^\r,*,t,x) = J2 



< C\xfPeP{t-s + eY^- 



■2/3)p 





d 


2 




/ dr 


^Xiai,{^,*]s,x) 




) 


J s—e 


i=l 







e=i 




G{t - p,x- z) Vai^i{u{p, z)) ■ dI^Ju{p, z) 
X M\dp, dz), 

T2'\r,*,t,x) = dp dyG{t - p,x - z)Vbi{u{p,z)) ■ D^^^^u{p,z). 

Jo jRk 

We will prove that, for any p E [l,oo[, 



sup E 

(t,a;)e[0,r]xR'= 



sup E 

(t,a;)e[0,r]xR'= 





d 


2 




/ dr 


^XiTi'{r,*,t,x) 




) 


J s—e 


i=l 








KClxl'^^e^t-s + ef 




d 


2 




/ dr 


J2xiT;'Xr,*,t,x) 




1 


J S—£ 


i=l 







(5-2/3)p 



(5.2) 



< cixr%^(t-s+£)(^- 



(5.3) 
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Appealing to (3.2), the conclusion of the lemma will follow. 
In order to prove (5.2), we first write 



E 





d 


2 




I dr 






) 


J s—e 


i=l 







(5.4) 



= HE / / G{t-p,x-z) 

X V([x^(j(m(p, z))]t) ■ D.^,u{p, z) M\dp, dz) 

^^lEll f I G{t-p,x-z) 

X V([x^(7(k(p, z))]e) ■ D.,,u{p, z) M^dp, dz) 



2p 

L^[s-6,s];H'i) 



2p 

L2([5_£,s];^d) 



and then, we apply Theorem 6.1 in [28] to the L^{[s—s, s] ; 'H)-valued stochas- 
tic processes 

{V {[x'aiu{p,z))]^) ■ D^;luip,z), ip,z) e [s - e,t] x R'^) , 
£ = 1, . . . ,d. This shows that the expression in (5.4) is bounded above by 

cj^if ^^ido iJ'Git - pmi'Y 

e=i V-Zs-e -/r* / 

X ^ SUp^^ (^||V {[x^a{u{p,z))]^) ■ DrMP^ ^)fL^ls-e,s];-H^)) 

X / p{dO iJ'Git - pmf ■ (5.5) 
Following the arguments of the proof of Lemma 8.2 in [28], we can prove 



E 



(||i?x.(p,^)||g([__^,^^,)) < C (£^'rfr||G(p-r,*)||^y , (5.6) 



for p e [s — £, i]. Moreover, (5.1) yields 

psAp pp—s+e pp—s+e 

/ dr\\G{p-r,*)\\l,< dr\\G{r,*)r^ = c drr'-^ 

Js-e J{p-s)VO J{p-s)VO 

< Ce{p - s + ef-P. 
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Along with (PI) this yields, 

E(\\V{[x'a{u{p,z))]^)-D.,MP: 



<C\x\'' sup e(\\Du{p,z\ 

(p,z)e[s-e,t]xR'= ^ 

<C|xp%P sup {p - s + e)^^-'^^P 

pe[s-e,t] 



2p 

|2p 



\L^{ls-e,s];H''). 



Using this estimate in (5.5) gives 



E 



dr 



X 



1=1 



2 \ PN 



* dp [ pidoiJ'Git-pmi 



< C\x\^PeP{t - s + eY^-^^P 

< C\x\''''eP{t-s + e)^^-^^^P, 

where in the last inequality, we have applied Lemma 5.1. 
We now prove (5.3). For this, we write 

E 





d 


2 




/ dr 


^Xi1l''{r,*,t,x) 




) 


J s—e 


1=1 







E (j2 I dp I G{t - p, dz) 



xV {x''b{u{p,x- z))) ■ Du{p,x- ^)||'^2([,_,,,].^.)) ■ 
By Minkowski's inequahty, this last expression is bounded by 



E 



dp dzG{t-p,x-z)\V{x''b{u{p,z)))\ 



X \\Du{p,z)\\L2q,_,^,y,Hd)] 



We bound this as in (5.5), and then we use (5.6) and assumption (PI) to 
find that 



E 



/g d 
dr ^XiT2'{r,*,t,x 
'-^ i=i 

<C\x\^PeP{t-s + e)^^-f^^P ( [ dpi G{t-p,dz) 



2p 
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Since 



f dp f G(t - p, dz) = f dp(t- p) <C(t- s + £)^ 

Js-e Jr'' Js-e 

we obtain (5.3). □ 
In the sequel, we will use several times the property 
\\G{r,x-*)Z{t,*)\\l^= I G{r,du)G{r,dv)Z{t,u)\\u-v\\-^Z{t, 



(5.7) 

for an L^-continuous process (Z(t, x)) such that 

sup E{\Z {t, x)\^) <oo. 

(t,a;)e[0,T]xR'= 

This property is a consequence of (1.8) applied to the signed measure 
ip{dx) = Z(t,x)G{r,dx), which a.s. has finite total variation (and even com- 
pact support). 

Proposition 5.3 Let k e {1, 2, 3}, and let Z = {Z{t, x), {t, x) e [0, T] xR''} 
be a stochastic process satisfying the following conditions: 

(a) there exists p e]0, 1] such that, for every p e [l,oo[; there is C < oo 
such that for any x,y e M^, 

sup E{\Z{t,x)-Z{t,y)f)<C\x-yr; 
te[o,T] 

(b) for every p e [1, oo[, there is C < oo such that 

sup E{\Z{t,x)\^) <C. 

(t,a;)e[0,r]xR'= 

Then for any p e [1, oo[, there exists a constant C > such that for any 
£ e ]0, 1], s e [e, T] and x,y e R'', 

E (^J^ dr II [G(r, x - *) - G(r, y - *)]Z(s - r, *) f^J 

<C{\X- y|2P%(3-/5)P + 1^ _ y\ia+p)p^[S-{a+mp ^ |^ _ ^|ap^[3-(a+/3]p| ^ 

with a e ]0, ((2 A k) - /3) Al[, a e ]0, (2 A A;) - 
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Proof. Following the ideas in the first part of the proof of Proposition 3.5 in 
[11] and using (5.7), we write 



E 



dr \\[G{r,x-*)- G{r, y - - r, *) ||^ 



i=l 



where, for i = 1, . . . , 4, 

Jl{x,y) — j dr I I G{r,du)G{r,dv)hi{e,r,x,y,u,v) 
Jo Jr>' jm'= 

with 

hi{e, r, X, y,u,v) ^ f{y - x + v - u){Z{s - r,x - u) - Z{s - r,y - u)) 
X {Z{s — r,x — v) — Z{s — r,y — v)), 

h2{s, r, X, y, u, v) — Df{v — u,x — y)Z{s — r,x — u) 

X {Z{s — r,x — v) — Z{s — r,y — v)), 

hz{£, r, X, y, u, v) = Df{v -u,y- x)Z{s -r,y-v) 

X {Z{s — r,x — u) — Z{s — r,y — u)), 

h^le, r, X, y, u, v) — —D'^f{v — u,x — y)Z{s — r,y — u)Z{s — r,x — v). 

In these expressions, f{x) = /3 G ]0, 2 A /c[ and 

Df{u, x) = f{u + x)- f\u), 
D^fiu, x) = f{u -x)- 2f{u) + fiu + x). 

For A; G {1, 2, 3}, G(r, du) > 0. Then, from Holder's inequahty, the properties 
of Z, (5.7) and (5.1), 

E(\Jl(x,y)n< sup {E{\Z(t,x)-Z(t,y)f')} 

te[o,T] 

X ( / dr G(r,du)G(r,dv) f(y — X + v — u)] 

<C\x-y\'^^(^J^dr\\G{r,^)r^^^ 



<C|x-y|2''%Mf. 



(5.8) 



Set 



/X2(x,y)= / dr G{r,du)G{r,dv)\Df{v-u,x-y)\ (5.9) 



JR'=xM'= 
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The variant of Lemma 6.1 in [11] given in Lemma 5.4 below shows that 

for any a E ]0, ((2 A k) — j3) A 1[. Thus, Holder's inequality along with the 
assumptions on the process Z yield 

E{\JI(x,y)n<C(^i2{x,y)r\x-yr 

< C\x - y|("+p)%[3-(«+/3)b. (5.10) 

The same upper bound holds for E (| J|(a;, y)f). 

For the analysis of the remaining term, we consider 

t-^ii^iV) = dr G{r,du)G{r,dv)\D^f(v — u,x — y)\. (5.11) 

By applying the modified version of Lemma 6.2 in [11] given in Lemma 5.5 
below, we obtain 

Ei\Jlix,y)r)<C{i,\x,y)Y sup E {\Zit, x)f^) 

(t,a;)e[0,T]xIR'= 

<\x- y|"P£[3-(«+/3)b^ (5.12) 

for a e]0, (2 A A;) 

With (5.8), (5.10) and (5.12) we finish the proof of Proposition 5.3. □ 

The two lemmas below were used in the proof of Proposition 5.3. 

Lemma 5.4 Let^2{x-,y) be defined by (5.9). For any a e]0, {{2Ak)—/3)Al[, 
there is C > such that for all x,y e Ml', 

//2(a;,y) <C|x-y|V-(°+'^). 

Proof. In comparison with [11, Lemma 6.1], this result quantifies the de- 
pendence of /X2(x,7/) on the domain of integration in time, it is about the 
fundamental solution G of the wave equation instead of the regularisation 
Gn, and the function / does not include a smooth factor (p. The proofs of 
both lemmas are very similar. We give the main lines. 

Appealing to Lemma 2.6(a) of [11] with d :— k, b :— a, a :— k — {a + f3), 
u :— V — u, c :— \x — y\, X :— |fz||, we obtain, after using (5.7), 



l^2{x,y)<\x-yr f dr [ d^\:FG{r){0\' \^\- 

Jo JRfc 



-(fc-(a+/3)) 



For a + (3 e]0,2 A A;[, and up to a positive constant, the last integral is 
bounded by £3-(a:+/3) (ggg Lemma 5.1). This finishes the proof. □ 
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Lemma 5.5 Let fJ,4{x, y) he defined by (5.11). For each a e ]0, (2 A A;) — p[, 
there is a positive constant C such that for all x,y eMJ' 

fi4{x,y) < C|a;-|/|V-^"+^). 

Proof. The same differences mentioned in the proof of Lemma 5.4 apply here 
when comparing this statement with Lemma 6.2 in [11]. 

By applying Lemma 2.6(c) of [11] with d := k, b := a, a := k — {a + P), 
a + /3 e]0,2 A k[, u := V — u, X := X — y yield 

/^4(a;,y) <\x- yl"* 

(sup dr G{r, du)G{r, dv) \ \y — x\w + u — v]"^"''^^^ ] 

\x,y,wJo J]R'=xM'= / 

/ dw\D'{\.\-(>'--^)(w,e)\, 



X 



X 



where e denotes a unitary vector of M.^. 

By Lemma 5.1, Lemma 2.6(d) of [11], (5.7) and (5.1), the last expression 
is bounded by \x — y\"e^~^°'^^\ □ 



Proposition 5.6 Let k e {1, 2, 3} and let Z = {Z{t, x), {t, x) e [0, T] x : 
be a stochastic process satisfying the assumptions of Proposition 5.3. Then for 
any p e [1, oo[; there exists a constant C > such that for all < s < t < T 
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and e e ]0, s[, 

E dr II [G{t -r,x-*)-G{s-r,x- *)] Z(r, 

< C^e^^^P\t-s\^f^\t-s + e\ 



(2-/3) 



+|i - s 



pp 



£\t -s\\t-s + £|^"'^l;3e]o,i[ + e\t - s\'^~'^l 



/3g[1,2[ 



+ e\t - s|"i \t-s + + s^-"^ \t - s|"i |t - s + el^-"^ 



+ 1 



/9e[i,2[ 

,2-/3 



£|i-sP~'" + £|i-sr2|i-s + £ 



2-(a2+/9) 



a2+P 
2 



+ 1 



/9e]o,i[ 



1 «3+g I , I 



|t - s + 



|l-(a4+/9) 



(5.13) 



where ai G ]0, 1[, i = 1, 2, 3 and ai e ]0, {2 A k) - ^2 G ]0, 2 - as e 
]0, (2 A A;) - q;4 G ]0, (2 A A;) - 

Proof. We follow the scheme of the proof of Theorem 3.8 in [11] (see in 
particular the analysis of the term T^(t, t, x) in that Theorem) with suitable 
modifications of the lemmas applied in that proof (see Lemmas 5.7, 5.8, 5.9 
below). According to (5.7) and the arguments of [11], page 28, we write 

E dr II [G{t -r,x-*)-G{s-r,x- *)] Z(r, 



<cj2E{ms,t,x)n 

i=l 



where 



Rl{s,t,x) = dr / G{s — r,du)G{s — r,dv)ri{s,t,r,x,u,v), 
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and 



t — T \ t — T 

ri{s, t, r, x,u,v) ^ f i v - u 



X 



X 



s — r J s — r 
t-r 



Z yr, X 



s — r 
t-r 
s — r 



uj — Z{r, X — u) 
V ) — Z(r, X — v) 



r2{s,t,r,x,u,v) = 



t-r\^ J t-r 



s — r 



s — r 



t-r ^. {t-r 
/ I V — u 



s — r \ s — r 



X Z [ s,x u 



s — r 



Z [ r,x V ] — Z{r, x — v) 



r3{s,t,r,x,u,v) 



t — T\ ft — T \ t — V ( t — V 

/ (v -u)) / V u 

s — r I \ s — r I s — r \ s — r 



X Z(r, X — v)[Z[r,x — - — -u ) — Z(r, x — u) ] , 



r4{s, t, r, X, u, v) 



t-rY ^(t-r, ,\ t-r„ft-r 

I 1 - — - / I V - u 



s — r 



s — r 



s — r \s — r 



- — -f (v - - — -u ] +f(v- u) 

s — r V s — r 



X Z{r, X — u)Z{r, x — v), 



and f(x) = ^ e]0,2 AA;[. 

Set 



ui{s,t,e) 



dr 



t — r \ t — r 
G{s — r, du)G{s — r, dv)f ( v — u 



s — r 



s — r 
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By Lemma 5.7 below, we can apply first Holder's inequality and then the 
Cauchy-Schwarz inequality to obtain 



E{\Rl{s,t,x)n<{i,r{s,t,e)r-' 

X dr G(s — r, du)G(s — r, dv)f 

Js-e Jm^xIR* 



t — r \ t — r 
V — u 



s — r 



s — r 



X E 



X E 



Z { r,x — u ) — Z(r, x — u) 



Z [ r,x — V ) — Z(r, x — v) 



2p^ 



2p^ 



By the assumptions on the process Z, the product of the last two factors is 
bounded by 

't-s 



s — r 



2pp 



and for \u\ < s — r, \v\ < s — r, this is bounded by \t — s\'^'^p. Consequently, 
by applying Lemma 5.7, we obtain 



E {\Rl{s, t, x)f) < Ce^^^P\t - s\''PP ((t - s + e)^-^ - {t - sf-^) 



< Ce^2]p\t-s\^'^\t-s + 



e\ 2 



(5.14) 



Set 



U2{s,t,e)— / dr G{s — r,du)G{s — r,dv) 

Js-e ./M'^xIR* 



X 



t-rV (t~r 
f 1 



s — r 



s — r 



t — r ,. ( t — r 
/ I V — u 



s — r \ s — r 



By applying Lemma 5.8, Holder's inequality, the Cauchy-Schwarz inequality 
and the properties of Z, we have 

E t, x) n < C\t - s\fP {U2{s, t, s)y 

< C\t-s\f^ 

X [e\t -s\\t-s + £p-^l^e]o,i[ + e\t - s\'^-^lp(.[i^2[ 
+e\t - snt - s + sl'^-^'^-^^^ 



+e^-—\t - s|"|t -s + e\^-^ 



(5.15) 
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for any a e]0, 1[ such that a -\- ^ e]0,2 A A;[. The same result holds for 

E{\Rl{s,t,x)n 

For the study of the term R%{s, t, x), we use the same approach as for the 
preceding terms. We define 



dr 



X 



t — r 
s — r 

t — r 
s — r 



G{s — r, du)G{s — r, dv) 



f 



t — r 



s — r 



v-u)]- 



t — r „ / t — r 



-f 



s — r \s — r 



-V — u 



f - - — ] + f{v- u) 



s — r 



Then, using Lemma 5.9 and the hypotheses on Z, we have the following. 
If A; e {2,3} and p e [1,2[, 



E{\Rl{s,t,x)r) 



< C 



s\t - s\^-^ + s\t - s\'^\t - s + s 



|2-(a+/3) , .2-/3 



+ e'-^\t-s\ 



s'^-i-+^)\t-s + e\+e^-'^\t-s + s\^ 



a + l3 
2 



, (5.16) 



for any a G ]0, 1[ with a + /? G ]0, 2[. 
If G {1, 2, 3} and /3 G ]0, 1[, then 



E{\Rl{s,t,x)n 



< C 



\t-s\ 



+ \t- s 



1+a 



t — S-\- £ 

1 a + f> 



|2-(a+/3)_|^_5 

\t- s + e\^ 



2-(a+/3)l 



2 



s^-<-'P\t- s + e\] 



l-(a+/3) 



p 



a + P 



(5.17) 



for any a G ]0, (/c - /3) A 1[ and a g]0, (2 A A;) - (5[. 

The estimates (5.14), (5.15), (5.16) and (5.17) give (5.13). 

The three lemmas below were used in the proof of Proposition 5.6 

Lemma 5.7 For any < s < i < £ G ]0, s[, set 

vi[s,t,e)— I dr I G{s — r,du)G{s — r,dv)f 

J s-e Jr'^xR'' 
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□ 



t — r \ t — r 
V — u 



s — r 



s — r 



There exists a constant C > such that 

(s, t, e) < Ce'-^ {{t-s + ef-^ - {t - sf-") ^ . 

Proof. Wc follow the proof of Lemma 6.3 in [11]. Consider the change of 
variable v i-^ ji^''^^ which maps G{s — r, •) into jz^G{t — r, •). Hence 



iyi{s,t,e)= / dr G{s — r,du) I G{t — r,dv)f{u — v). 

Js-e JM* JR* 



Using (5.7), Schwarz's inequahty yields 
iyi{s,t,s) 

iTGjs - rmWTGjt - rm 

\j^G{s-rm\\mit~rm\ 



dr / d^ 
dr / d^ 



s—e 



2 



According to Lemma 5.1, 



dr / d^ 



|^G(.-r)(OP 



Id 



= rcir||G(r,*)||^<C£3-^. 

^0 



and 

|2 



r / ^^^n^^^= r dr\\G{t-r,.)\\l, 

Js-e Jr* 1^1 ^ Js-e 

<C{{t-s + ef~^-it-s)^-^), 
which proves the lemma. □ 
Lemma 5.8 For any < s < t < T and e e ]0, s[, let 

U2{s,t,e) = I dr I G{s — r,du)G{s — r,dv) 

Js-e Jr'=xR* 



X 



2 / 

t ^ r\ „ I t — r , ,\ t — r „ I t — r 



f {v -u)] / V - u 



s — rj \s — r / s — r \s — r 

Then, for any a G ]0, 1[ such that a + f3 & ]0,2 A k[, 

i/2(s, t,e)<C [e\t -s\\t-s + £|i-^1^6]o,i[ + e\t - s|2-/^l/3e[i,2[ 
+e\t -snt-s + + £^-^ If -snt-s + e\^ 
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Proof. We follow the scheme of the proof of Lemma 6.4 in [11]. Let ul{s, t, e) 
and t, e) be defined in the same way as 1^2(5, t, e) but with the expression 
in absolute values replaced by 



t-r 



s — r 



t — r 



s — r 



f 



t — r 



s — r 



and 



t-r 



s — r 



f 



t-r 



s — r 



{v-u))-f 



t-r 



-V — u 



s — r 



respectively. 

The change of variables {u,v) i->- jzi:{u,v), (5.7) and (5.1) yield 
ul{s,t,e)^\t-s\ / G{t-r,du)G{t-r,dv)f{v-u) 

Js-e t — 1^ jR'^xRfc 

<c|.-.|£^i.-.r 

< C\t -s\{{t-s + ef-^ -{t- sf-^) . 
By the Intermediate Value Theorem, 



{t-s + ef-^ -{t-sf-P < 



2-/3 



Ce{t-s + ey-^, if^<l, 
Ce{t - sy-f^, if ^ > 1. 



(5.18) 



Thus, 



ul{s,t,s) < C [s\t - s\\t - s + e\^-%^p,^ + s\t - s\^-^lf)^^i,2[] ■ (5.19) 
Consider the change of variables {u, v) i->- (it, jz^v) . Then 



Df ( V — u, u 



s — r 



1^2(5,^, £)= / dr G{s — r,du)G{t — r,dv) 

Let « > be such that a + /3 g]0,2 A A;[. We write f{u) = nf^iu) = \u\~^, 
(5 g]0,2 A k[. By applying [11, Lemma 2.6(a)] with d := k, b := a, a :— 
k — {a + (3), c := t — s, u := V — u, X =: — we obtain 

4{s, t, e) < C\t - s|" f dr f G{s - r, du)G{t - r, dv) 



X 



/ dw Ka+p((t - s)w - (v- U)) 



s — r 



(5.20)1 
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Next, we establish upper bounds for the integral above. For this, we proceed 
as in the proof of [11, Lemma 6.4] (see the analysis of the terms denoted by 

n,2,l,l n,2,l,2 • ,i , r\ 

, that proor). 

We consider first the domain \w\ < 3, in which we split the absolute value 
in (5.20) into two separate terms. Following the calculations just mentioned 
in the proof of [11, Lemma 6.4] and using (5.7), we find that 

f dr f G{s-r,du)G{t-r,dv) 

Js-e Jm'=xK'= 

/ dw Ka+p{{t - s)w - {V - u))Hk-oc f — W ) 

J\w\<i \s-r J 



< 



X 

*\w\<_ 



We are assuming a + (3 G ]0, 2 A /c[. Applying Lemma 5.1 with (3 := a + (3 , 
we see that this last expression is bounded by 

\^|«>|<4 r-'-'l / 

Similarly, 

/ dr G{s — r, du)G{t — r, dv) 

Js-e JR'=xM'= 

X / dw Ka+piit - s)w - {v - u))K,k-a{w) 
J\w\<4 

By applying the Cauchy-Schwarz inequality to the ci^-integral, and using 
Lemma 5.1, we find that 

r |^C^(.-r)(0||^6^(t-.)(0| ^cis-rr^-j^jt-rf-^. (5.22) 
Hence (5.21) is bounded by 
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In order to finish the estimate of i/|(s, s), we consider now the domain 
> 3 (see [11], page 59). For this, we apply the inequahty 



u 



DKk-a w, 

\ s — r 
which yields, using (5.7), 



<C dX Kk+l-a [w - X 



u 



s — r 



(5.23) 



f dr I G{s-r,du)G{t-r,dv) 

J s-e JW'xR'' 



< c 



X dw Ka+p{{t — s)w — {v — u)) 

J\w\>Z 

dr [ d^ 



u 



dw 



|w|>3 



\ s — r ^ 

\:FG{s-Tm\\mt-rm\ 

|^|fc-(a+^) 



By (5.22), this is bounded above by 

dw 



C 



( f dw \ 9 a+/3 , , 1 a+H 



(6.24) 



Since a e ]0, 1[ by hypothesis, the dw- integral is finite. We have thus estab- 
hshed that 



.2 (s, t, e) < C\t-sr {e\t - s + + ^^-^ |^ _ ^ + ^p-^ | . (5.25) 

With (5.19) and (5.25), the lemma is proved. □ 
Lemma 5.9 For any < s < t <T and every < e < s, let 



Ps{s,t,e) = dr / G{s — r,du)G{s — r,dv) 

J s-e JM.'^ JM.'' 



X 



t — r 
s — r 
t-r 



f 



t — r 



[V - u \ - 



s — r 



t — r J, I t — r 



s — r \s — r 



-V — u 



f [v- - — \ ] + f{v- u) 



s — r 



s — r 

We have the following. 

1. Forke {2,3} and ^ e [1,2[, 

i^sis, t,e)<C [e\t - sp-^ + e\t - - s + + £^-P\t - s\ 



+ \t - s\ 



,2-(a+/3) 



\t-s + e\+e 2 \t-s + e 



1-2+111 



for any a e ]0, 1[ such that a + /3 e ]0, 2[. 
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2. For k e {1, 2, 3} and p e ]0, 1[, then 

P3{s,t,e) < C [e^-^\t-s\^ 

+ \t- [{{t - S + - (t - 



1 "+'5 1, n 



+ e 



l-a- 



+ \t- sf £2-(<5+/3) \t-s + e\+ e^-^\t -s + £ 



\t — s + e\ 



+e^\t-s + e 



l-(a+/3) 



for any a e ]0, ((2 A A;) - ^) A 1[ and a e ]0, (2 A A;) - p[. 
Proof. We will follow the approach of [11, Lemma 6.5]. 
Case 1: ke {2, 3} and /3 e [1, 2[. Set 

2 



A^f{r,s,t,u,v) = 
A'^f{r,s,t,u,v) = 



t — r 
s — r 

t — r 



f 



t — r 



s — r 



{v — u) 



t — r „ ( t — r 



-f 



s — r \s — r 



-V — u 



s — r 



f{v-u), 



t-r 



f{v - u) - f [v - - — -u 



s — r 



s — r 

We consider the bound 

where each ^'3(5, t,£), i = 1, 2, 3, is defined in the same way as ^3(5, t, £) with 
the integrand 



A/: 



t — r 
s — r 
t-r 



f 



t — r 



s — r 



{v — u) 



t — r „ I t — r 



-f 



s — r \s — r 



-V — u 



s — r 



(5.26) 



replaced by A*/('", s,t,u,v), i = 1,2, 3, respectively. 

Notice that z/|(s,t, coincides with i'2{s,t,£) in Lemma 5.8, and we are 
assuming ^ e [1,2[. Hence 



4{s,t,£) < C [£\t-s\^-f' + £\t-s\''\t-S + £\^-^''+^^ 



+£^-—\t-s\"\t-S + £\^' 



a+l3 



(5.27) 
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for any ^ e [1, 2[ and a e ]0, (2 - ^) A 1[. 

By the definition of A^/(r, s, li, t;), using (5.7), we have 

.\J-G{s-rm\' 



i^l{s,t,e) <C\t-s\ f I 

Js-e s — r J-^k 

s 



C\t-s\ 



dr{s — r) 



1-/3 



(5.28) 



^Ce'-^\t-s\. 
Consider the change of variables {u,v) i->- (^j^u,v). Then 

z/|(s,t,e)= / (ir / G{t — r,du)G{s — r,dv) 

Js-e J]R'=xM'= 

^/ ( - u, I — -u 
\ t — r 

This term is similar to z/|(s,t, e) in the proof of Lemma 5.8, with the roles 
of s and t exchanged. Thus, we will carry out similar calculations. For the 
sake of completeness, we give the details. 

Let q; > be such that a + /3 e]0,2[. By applying [11, Lemma 2.6(a)] 
with d :— k, b :— a, a :— k — {a + (3), c :— t — s, u :— v — u, x :— we 
obtain 

i/|(s, t, e)^\t- f dr [ G{t - r, du)G(s - r, dv) 

Js-e Jr'=xR*= 



X 



/ dw Ka+p{{t - S)W - {V - U)) 



DKk-a W, 



U 



t — r 



We proceed as in the estimate of i/|(s,i,£) (see (5.20)); however, note that 
the positions of the variables s and t are shghtly different, and the bound that 
we will obtain is also different. We consider separately the domains \w\ < 3 
and \w\ > 3. Consider the change of variables w ^ w + t^, u i->- f=^xi. 

II o t— r' t—r 

Then, using (5.7), 

f dr f G{t-r,du)G(s-r,dv) 

Js-e Jm^xR*^ 

X / dw Ka+^{{t - S)W - {V - u))Kk-a{w + 

J\w\<3 \ t-rj 



< C 



< C 



dw 



\w 



\k—Oi 



dr 



t 



\w\<4 

dr{t - r){s - r)^-^'^+^^ 



\:FG{s-r){i)\' 

|^|fc-(a+/3) 
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with any a > such that a + ^ ^ ]0) 2[ (we have used Lemma 5.1). 
By applying (5.21) and (5.22), we see that 

/ dr G{t — r, du)G{s — r, dv) 

J s-e Jr''xR'^ 

X / dw Ka+I3{{t - S)W - {V - u))Kk-a{w) 
J\w\<4 

<C£^ -2 \t-S + £\^ 2 , 

for any a > with a+(3 e ]0, 2[. Thus, for a and (3 satisfying these conditions, 
/ dr G{t — r, du)G{s — r, dv) 

J s-e Jr'^xR'' 



X 



/ dwKa+p{{t - s)w - {v -u)) DKk-a{w,—^] 

J\w\<3 \ t-rj 



< C 



,2- (a 



'^^'^\t -s + e\+ e^~^ \t-s + e\^ 



2 



We continue the proof by deahng with the term 
f dr f G{t-r,du)G{s-r,dv) 

J s-e Jr'^xRI' 



X 



/ dw Ka+^({t - S)W -(V- U)) DKk-a f W, — ^ ) 

J\w\>2. \ t-rJ 



Assume a G ]0, 1[ with a + [3 G ]0, 2[. Just as in the proof of Lemma 5.8 (see 
(5.24)), it is bounded above by Ce^~^\t — s + e\^~^ . 
Hence, 



vl{s,t,e) < C\t-s\'^ 



e^-i-+0)\t-s + e\+e'-^\t-s + e\' 



a+0 
2 



(5.29) 



From (5.27)-(5.29) it follows that, for /3 G [1,2[ and a + /3 g]0,2[, the 
conclusion of the lemma holds. 

Case 2: k E {1,2,3} and /3 g]0, 1[. Here, we consider a new decomposition 
of A/ = A*/('', s, ^, f) (see (5.26)), as follows: 



A^f{r,s,t,u,v) 



t — r 



s — r 



2^-^ + 1] f{v-u) 
s — r ' 



t-s 



s — r 
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t — r 



s — r 



t-r 



s — r 



X If { - — -[V 



u 



fiv-u) , 



A^f{r,s,t,u,v) 



t — r 



f 



t — r 



v-u)]- f 



s — r \ \s — r 



t-r 



-V — u 



s — r 



We define 2/3(5, in tlie same way as 1/3(5, but witli A'^f{r,s,t,u,v) 
replaced by A^f{r, s,t,u,v), i — 1,2, 3, respectively. 
Using (5.7), we see by (5.1), 



ul{s,t,e)= / dr G{s — r,du)G{s — r,dv) i 

Js-e Jr'^xR'' \ 

<Ce''''\t-s\^. 



t - s 



s — r 



f{v - u) 

(5.30) 



Set 



X 



/ 



t-r 



s — r 



{v-u)]-f 



J^3^{s,t,e) = / dr 



G{s — r, du)G{s — r, dv) 
't-r 



t-r 
s — r 

t-r 
s — r 

t — r 
s — r 



t-r 



s — r 



-V — u 



t-r 



s — r 



X 



/ 



s — r 



V — u] — f{v — u) 



so that vl{s,t,e) < i'l'^{s,t,e) + u^''^{s,t,e). With the change of variables 
{u,v) ^ (m, ^u), 

i'l'^{s,t,£) = \t — s\ I j G{s — r,du)G{t — r,dv) 

Js-£ s — r 7m* xM* 



X 



Df (v — u, u 



s — r 
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while 



i'l''^{s, t, e) — \t — s\ 



dr- 



X 



t — r 



[s — r) 



G{s — r, du)G{s — r, dv) 



Df [ V — u, - — -V 



s — r 

Remember that f{x) := k^^x). We handle i'1'^[s,t,e) in a manner similar 
to the term z/|(s,t,£:) (see (5.20), and note the differences in the positions 
of the variables s and t), as follows. Firstly, we apply Lemma 2.6(a) of [11] 
with d :— h :— a, a :— k — {a -\- (3), c :— t — s, u :— v — u, x — —jz^ to 
obtain 



iy^'\s,t,e) <C\t- s\^+'' f f f G{s-r,du)G{t- 

Js-e S — r Jjjfc J-g^k 
X / dw Ka+0{v — U — [t — s)w) DKk-aiw, 



r, dv) 



u 



s — r 



Next, in the dw-integral, we consider first the domain {1^1 < 3} and we 
split the term \DKk-a {w-, \ i^ito the sum of the absolute values of its 
components, as we also did in the analysis of the term z/|(s,t,£) in Lemma 
5.8. With the change of variables w ^ w u ^ —u, we obtain 



i: 



s — r 



/ G{s — r, du)G{t — r, dv) 

X / dw Ka+/3{v — U — {t — s)w)Kk-a [w ) 

J\w\<3 \ s-rj 

<c(f dwK,k-a{w)j sup I 

\J\w\<i J Js-e t — 1^ 

X / G{t — r,du)G{t — r,dv)Ka+p{v — u — {t — s)w). 



By (5.7) and Lemma 5.1, this is bounded by 



C 



dwKk-a{w) 



\W\<4: 



dr{t — r 



_^U-(«+/3) 



< C[{t - S + £)2-("+^) -{t- s)2-(«+'')]. 
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We also have 

f s 



f f G{s-r,du)G(t-r,dv) 

X dw Ka+/3{V -U- {t- s)w)Kk-a{w) 

J\w\<3 

^ ^ 1 - I , \ 1 - "+^3 

< Ce^ ~{t - s + ey ~, 

where the last inequality has been obtained using (5.22). 

To end with the analysis of ^'3'^(s, t, e), we must now consider the term 

f [ G{s-r,du)G{t-r,dv) 



X 



/ dw Ka+^{V - U- {t - S)w) DUk-a ( W, ^ ) 

J\w\>?, \ s-rj 



We have already met a similar expression in Lemma 5.8 and also in the first 
part of Lemma 5.9 (see the study of the term z/|(s,t,£)). Since a e]0, 1[, 



oc+P I 



this is bounded above by Cs 2 \t — s -\- e\ 2 . 

Considering the three preceding estimates, we obtain 



vl'\s, t, e) < C\t - s\'+" [{{t-s + - (t - 

+ s'-^\t-s + e\'-'^], (5.31) 

foraeJO, (fc-/3) Al[. 

Our next objective is to prove that 



ly^'^is, t, e) < G\t — s 



l+a 



-t-P I 1 1 . 

2 \t — s + e\ 



a+P 
2 Jf-£ 



\t — s -\- e 



]■ 

(5.32) 

This will be achieved with similar arguments as those used to establish (5.31), 
but yet again with the variables s and t in slightly different positions (which 
lead in fact to a different bound). 

Indeed, we apply Lemma 2.6(a) in [11] with d :— h :— a, a :— k — {a + 
(3), c :— t — s, u :— V — u, X := to obtain 



i^l''^{s, t,s) — \t — s 



l+a 



' t-r 
-e [s-r-y 



G{s — r, du)G{s — r, dv) 



X I dw Ka+p{v — U — {t — s)w) DUk-a I 



s — r 



1 



Wc consider first the domain of w where |w| < 3 and split the term 
\DKk-a {w, 7z^) I into the sum of Kk-a {w + ^) and Kk-a{w)- 
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For the first one, we consider the change of variables w ^-^ w + 
V !->■ ^v. Using (5.7), we obtain 



dr 



t-r 



{s — r)2 

X 



< C 



G(s — r, du)G{s — r, dv) 

/ dw Ka+i3{v - U- {t- s)w)Kk-a ( W H — ) 

^|w|<3 V s-rj 

r f ,,|-FG(.-r)(0||^G(i-r)(0| 

Js-E s — r Jjgs 



d^- 



|^|fc-(a+/3) 



«+/3 



where in the last inequality, we have applied (5.22). 
As for the term with the integrand Kk-aiw), we have 



J s- 



t — r f 

dr- — / G{s — r, du)G{s — r, dv) 

[S — r) JKfcxIRfe 

X / dw Ka+piv -U - {t- s)w)Kk-a{w) 
J\w\<3 



< c 



\w\<3 

dr {t — r){s — r)'"^^ 



< C£^-"-^|i-s + £|. 

Finally, since a e ]0, 1[ and using (5.7), the contribution of the term with the 
domain of integration \w\ > 3 is 



/ dr-. / G{s — r,du)G{s — r,dv) 



X 



/ dw Ka+p{v — U — {t — s)w) 
J\w\>3 

< Ce^-''-^\t-s + e\, 
as can be checked by using the upper bound 



DKk- 



s — r 



DKk-a W, 



s — r 



< dX Kk+l-a [W + X 



s — r 



(see (5.23)). This finishes the proof of (5.32). 
From (5.31) and (5.32), we obtain 

pI{s, t, e) < C\t - s|i+" [{{t -s + e) 



2-ia+p) 



(t-s) 



2-(a+/3)> 



1 I , n 



l-a-/9 



t — s-\-e\ 



. (5.33) 
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The last part of the proof is devoted to the study of t, e). For this, we 
apply Lemma 2.6(e) in [11] with the following choice of parameters: d := k, 
b := a, a := k — {a + f3), c := t — s, u := v — u, x := —j^, y '■— with 
q; + /3 e]0, k[. Notice that, with the notation of that Lemma, 

— t — T — 

^^fir, s, t, u, v) = D'^Kp{u, cx, cy), 

s — r 

where for a given function g : M.'^ ^ W, 

D'^g(u, X, y) = g(u + x + y) — g{u + x) — g{u + y) + g{u). (5.34) 
By doing so, we obtain 

Pl(s,t,e)^\t-sf [ dr^^ [ [ G(s-r,du)G{s-r,dv) 

Js-e s — r J^k J^k 
X dw Ka+aiv — U — it — S)w) D^Kk-a ( 

jRk \ s-r s-r^ 

Let us study this term. For this, we will first consider small values of w 
{\w\ < 5) and split the term \D'^K,k-a (w, — ^) | into the sum of four 
terms, according to the definition (5.34). 
Let 

f t - r f 

Ii{s,t,e):= / dr / G{s — r,du)G{s — r,dv) 

Js-e S — r J]RfcxR'= 

X / dw Ka+p{v -U - (t- s)w)Kk-a{w). 
J\w\<5 

By applying (5.1), we see that 

Ii{s,t,e) < Ce^-^''+^^\t-s + e\. 

Set 

l2{s,t,s) : 



/ dr / G{s — r, du)G{s — r, dv) 

Js-e S — r JigfexE* 

X / dw Ka+(3{V - U - {t - s)w)Kk-i5i (w — )■ 

J\w\<5 \ s-r/ 

By applying the change of variables w ^ w — and u i-> ^E^u, we obtain 

h{s,t,e) < C I / dwKk-a{w)] 

X sup / dr G{t — r, du)G{s — r, dv) 

weR'^Js-e J]R'=xR'= 



X Ka+I3{v — U — {t — s)w) 
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where the last inequahty has been obtained using similar arguments as in 
(5.21), (5.22). 

In a very similar way, we see that 



h{s,t,e) : 





r f 


= / dr- — 




Js-e S - 








J\w\<5 






- S + £|^ 



G{s — r, du)G{s — r, dv) 



Let 



h{s,t,e) : 



dr 



t — r 



s — r 



G{s — r, du)G{s — r, dv) 



X 



/ dw Ka+dv - U- {t - s)w)Kk-a [w + - -] . 

J\w\<5 V s-rj 



With the change of variables w ^ w + {u, v) ^{u, v), we obtain 



h{s,t,£)<C[ / dwKk-aiw] 

\J\w\<7 
<C£2|i-s + £|Ma+/3). 



s—r 
s 



dr 



s — r 
t — r 



di 



l^g(t-r)(OP 

|^|fc-(a+/3) 



With the estimates obtained so far for 7j(s, s), i = 1, . . . , 4, we have proved 
that 



/ dr / G{s — r, du)G{s — r, dv) 

Js-e S — r J-^ky^^k 



< c 



X / dw Ka+p{v — U — {t — S)w) 

\w\<b 

«+/3 



S — r s — r ^ 



D Kk-a \ W, 



U V 



(5.35) 



To finish the proof, we have to study the remaining term 

l5(s,t,e):— I dr / G(s — r,du)G(s — r,dv) 

/ dw K,a+p{v — U — {t — s)w) 
J\w\>5 

i2 



X 



X 



D Kk-a W, 



U V 



s—r s—r 
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Proceeding as in [11, p. 65], we obtain 

h(s, t,s)<C [ dr^—^ f G(s - r, du)G(s - r, dv) 

X / dw Ka+p{v — U — {t — s)w) 
J\w\>5 

f\ ( X « ^ 
X dA d/J, { W — A h /X- 



JO 



s — r s — r 



<Cil -1^) su, r ,r'-l 



\w\>3 



\W 



X J G{s — r,du)G{s — r,dv)Ka+i3{v — u — (t — s)w) 



The term Jj^|>5 |^|fc^+2-a is finite for any a e ]0, 2[. Moreover, for a + ^ e 
]0,2AA;[, 

Thus, 

l5{s,t,e) < Ce2-(«+/^)|t-s + £|. (5.36) 
The estimates (5.35) and (5.36) yield 

P3{s,t,e) < C\t-sf 



2-(^+^)\t -s + e\ + e'-^ \t-s + e\'-'^+e'\t-s + e\'-^^+^^ 



(5.37) 



By considering (5.30), (5.33) and (5.37), we obtain the conclusion of the 
lemma for /3 e]0, 1[, a g]0, 1 A (k - l3)[ and a e]0, (2 A /c) - /3[. 

This finishes the proof of the lemma. □ 

As a consequence of Propositions 5.3 and 5.6, we obtain the following. 



Corollary 5.10 Let k e {1,2,3} and let Z = {Z{t,x),{t,x) e [0,T] x 

he a stochastic process satisfying the hypotheses of Proposition 5.3. Fix a 
compact set C M*^ and p e [l,oo[. Then there exists a constant C > 
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such that for any < s < t < T and e e ]0, s[, 

sup \e( r dr\\[G{t-r,x-*)-G{s-r,y-*)]Z{r,*)\\lY\ 

I \Js-£ J J 

£ -'-/3e]0,l[ + s ■'■/3g[i,2[ ■ 



0<s<t<T 

< c 



Proof. By taking the values of the parameters a, a in Proposition 5.3 and 
ai, i = 1,2,3 in Proposition 5.6, arbitrarily close to zero, and by bounding 
|x — yl and \t — s\ by a constant, we obtain the result. Notice that for — 0"^ 
and /3 e]0,l[, 

{t-S + £)2-("3+^) _ _ 5)2-(a3+/3) < Ce{t - S + sy-^'^'+^l 

This completes the proof. □ 

In the proof of Theorem 4.2, we give an upper bound for the term 
E {{Gs3^sY) by using Propositions 5.3 and 5.6 (see (4.27)). In that case, 

Z{r,x) :— aij{u{r, x)), p :— ^^-p—, s :— and it is assumed that 
\x~y\< 6oe\ \t - s\ < . 

Consider first the case k = 1 and thus /3 £ ]0, 1[. By choosing a — a — 
(1 — /3)~, from Proposition 5.3 we obtain 

^ (/' "^^^^ -r,x-*)-Gis-r,y- *)] a,,{u{r, *mlj 

< G + ^eii-p)-+20, y (5 38) 

In the same context, and the choice of parameters ai = 04 — {1 — /3)~ , 
as = 0"*", 9 > 02, after tedious checking. Proposition 5.6 yields 

E (^2' dr \\[G{t -r,x-*)-G{s-r,x- *)] a,,,{u{r, *mlj 

Consequently, from (5.38), (5.39) we obtain 
E dr \\[G{t -r,x-*)-G{s-r,y- *)] a,j{u{r, *ml^J 

< G |£^(2-/9)-+«2 _^ ^^-+^2(2-/3) _^ ^e(l-/3)-+2e2 _^ ^20+02(1-/9) |^ ^ (5 40) 
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For k e {2, 3}, by choosing a := (2 - and then a := 1~ if ^ e ]0, 1[, 
and q; := (2 — if ^ e [1; 2[, from Proposition 5.3 we obtain 

E dr \\[G{s -r,x-*)-G{s-r,y- *)] a,,j{u{r, *mlj 

< Ce^o(2-^^-+e,]p_ (5 41) 

In the same context of (4.27), for /3 g]0, 1[ and the choice of parameters 
ai := 1~, as := 0"*", = 1~ , 9 > 6*2, after tedious verification, Proposition 
5.6 yields 

E dr II [G{t -r,x-*)-G{s-r,x- *)] a,j{u{r, *)) 

< C |£^(2-/3)-+e2 _^ ^2e-+e2(i-/3) _^ ^0-+e2(2-/3)- 1^ _ (5 ^2) 

Consequently, from (5.41), (5.42) we deduce 

E (^^' dr \\[G{t -r,x-*)-G{s-r,y- *)] a,,{u{r, 

for /9 e]0,l[ and k E {2,3}. 

Still for k e {2, 3}, let us now consider the case /3 e [1, 2[. By applying 
Proposition 5.6 with ai :— {2—^)~ and a2 '■— and assuming that 9 > 92, 
we obtain 

E (^^' dr II [G{t -r,x-*)-G{s-r,x- *)] a^j («(r, *)) ||^^ ' 

Along with (5.41), this yields 

E ||[G(t -r,x-*)-G{s-r,y- *)] a„(«(r, *))||^y 

< C + £^+^2(2-/3) ^ y (5 45) 

Lemma 5.11 For any e > and x e R'^, 

inf / dr 11^(5 + r,a;-*) 11^ >C£3-/3_ 
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Proof. Let c be the constant defined in Lemma 5.1. With direct computa- 
tions, we obtain 



j^dr\\Gis + r,x-*)\\'^ = c(^ 



s + e) 



3-/3 _ „3-/3 



3- 



ce / [ye + sf dv 



>ce[ {uef-^dv 
Jo 



—£3-/5. 



3-/3 



Since the last expression does not depend on s, we obtain the result with the 
constant C — gf^. □ 

Lemma 5.12 Let k e {1, 2, 3}. For e> and < h <£, 

dr (G(r, y - *), + r, X - < Ce'-^cp (^^, , 



where 



uniformly in X & [0, 1]. 



lim (^(2;, A) = 0, 



Proof. Consider first the case k — 1. In this case /3 e ]0, 1[. Using (1.8), we 
have 



pe !•£ ry+f px+h+r 

/ dr {G{r,y — *),G{h + r,x — = dr d^ drj 

Jo Jo Jv-r Jx-(h+r) 



1 



Jy—r Jx—{h+r) 



Consider the change of variables r i-)- ^, ^ i-)- rj to see that this 

is equal to 

1 



dr du dv 

Jo J-r J-b^-r 



y — X — e{u — 



or even to 

e^~^ I dr du / dv 



_ (u-v)\i3 



J-r J-l^-r \^-\U-V} 



Set 

(p{z, X) — dr du dv 

Jo J-r J-X-r 

We notice that for A e [0, 1], 



z + u — v\ 



X) < J du J dv 



1 

z + u — vl'^' 
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which clearly tends to zero as \z\ — >■ +00. 

Next, we consider the case A; e {2, 3}. By the definition of the inner 
product on "H, 



/:= / dr(G(r,y-*),G(/i + r,a;-*))^ 



fdr I 

Jo JRk 



^i{i,x-y) sin(r|e|)sin((/i + r)|e|). 



Use the trigonometric identity sin a sin 6 = | [cos(a — 6) — cos(a + 6)] and 
integrate the obtained expression with respect to dr. This gives 



-If 



d^ 



1^1 



X 



£COs(/l|{|) 



sin((/i + 2£)|e|) sm{h\m 

m m J 



Next, we make use of the identity sin a — sin 6 = 2 sin (^) cos (^) and 
apply the change of variable ^ —?■ e^, to write 



1= - 



di 



X e 



/ 



cos{h\C\) - 



sin(£|e|)cos((/i + £)|e|)' 



fe-/3+2 



X 



,0, I _ smdffl cos ((H 1)1(1) 



where 



cp{z, A) 



X — y h 
e e 



k-P+2 



Let 



Mr) = 



X 



-fc-2 



cos(Aiei) 



cos(Ar) 



sin(|e|)cos((A + l)|e|) 



sin(r) cos((A + l)r) 
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r e R, and /(O = /o(|e|)- According to [14, p.429], 

(^(^, A) = = / /o(r) J|_i(27rr|^|)r^ dr, 

where Jfc_^ denotes the the Bessel function of order | — 1 (see for instance 
[14, p.425]). 

Using the trigonometric formula cos (a + b) — cos a cos 6 — sin a sin b, one 
can easily obtain 

sin(r) cos((A + l)r) 



cos(Ar) — 



where C does not depend on A G [0, 1]. 
Consequently, 



<C'(r'Al), 



poo 

< / tP----\t' a 1) J|_i(27rr|^|) 

\z\ 2 Jo 



dr 



where we have applied the change of variable r ^ r\z\. Set 

,2 



7(^) :^|^|2-^jr"^/3-|-2 (^^Al) 



</fc-_i(27r-u) 



We want to study the hmit as |^| ^ oo of I{z). For this, we write 
I{z) = Ii{z) + l2{z), with 



hiz) 



\z\ 



UP 2 



du, 



i>oo 

i|z| ^ 



We consider two cases. 

Case 1. k — 2 and ^ < :^ or /c = 3 and /3 < 1. For small values of > 0, 



while for large u, 



Jk_^{2TTu) < Cu-^ (see [14] pp. 430-433). Hence, Ii{z) < 
+00 for all 2; e R'^, and with the indicated constraints on k and /3, we obtain 



lim 



8-- 



•/fc_i(27rw) 
79 



du — C < 00. 



Therefore, 

lim h{z) = 0. (5.46) 

|2|— ^-OO 

Case 2. k = 2 and /3 > | or A; = 3 and f3 > 1. Then, using the expression 
for Ju{r) given at the beginning of [14, Appendix B.8], we see that 

du — oo. 



hm / 2 Jk {2tiu 



Therefore, (5.46) follows from the BernouUi-L'Hopital rule. 

Using again the BernouUi-L'Hopital rule, we can also check that for k e 
{2,3}, 

lim hiz) = 0. 

|z|— >-oo 

The proof of the lemma is now complete. □ 
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